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SUMMARY 
The theo ry  of d rag  and l i f t  is r e v i s i t e d  s t a r t i n g  w i t h  t h e  i n t e g r a l  
c o n s e r v a t i o n  laws of f l u i d  mechanics. Many r e p r e s e n t a t i o n s  (some known 
and some unknown) of drag and l i f t  are de r ived  i n  terms of fa r  wake 
p r o p e r t i e s ,  i n t e r m e d i a t e  wake p r o p e r t i e s  and s u r f a c e  load ing .  Although 
t h e  t h e o r e t i c a l  r e s u l t s  are q u i t e  gene ra l ,  these r e p r e s e n t a t i o n s  are used 
i n  t h e  p r e s e n t  r e p o r t  p r i m a r i l y  t o  a s s e s s  the  d rag  e f f i c i e n c y  of l i f t i n g  
wings both  CTOL and va r ious  out-of-plane c o n f i g u r a t i o n s .  
The drag-due- to- l i f t  is sepa ra t ed  i n t o  two major components t h a t  
r e v e a l  themselves  q u i t e  n a t u r a l l y  i n  the  theory .  The f i r s t  and l a r g e s t  
component is the  I1inducedf1 drag-due- to- l i f t  t h a t  is due t o  spanwise 
v a r i a t i o n s  of wing load ing .  I t  is a s t r o n g  f u n c t i o n  of a s p e c t  r a t i o  f o r  a 
CTOL wing o r  more g e n e r a l l y  t h e  p r o j e c t i o n  of the l i f t i n g  e lements  on t h e  
T r e f f t z  p lane .  The f i rs t  component is r e l a t ive ly  independent of Reynolds 
number o r  d e t a i l s  of the wing s e c t i o n  des ign  o r  planform. For each 
l i f t i n g  c o n f i g u r a t i o n  there is an opt imal  l oad  d i s t r i b u t i o n  t h a t  y i e l d s  
t h e  minimum value  of drag-due- to- l i f t  a g a i n s t  which the  e f f i c i e n c y  of a 
par t icu lar  des ign  may be a s ses sed .  The second and much smaller component 
of drag-due- to- l i f t  may be called flformlf drag-due- to- l i f t .  I t  is  l a r g e l y  
independent  of a spec t  r a t i o  but  s t r o n g l y  dependent on the  de ta i l s  of the 
wing s e c t i o n  des ign ,  planform and Reynolds number. It  is a resu l t  of wing 
l o a d  v a r i a t i o n s  i n  the  chordwise d i r e c t i o n .  
For well designed high a spec t  r a t i o  CTOL wings the two d rag  
components are t o  lowes t  o r d e r  independent w i t h  o n l y  a weak i n t e r a c t i o n  of  
the  o r d e r  of the squa re  of  t he  d rag  c o e f f i c i e n t  ( i .e . ,  a pe rcen t  o r  s o  of 
wing d r a g ) .  With modern des ign  technology CTOL wings can be (and u s u a l l y  
a r e )  des igned  w i t h  a drag-due- to- l i f t  e f f i c i e n c y  c l o s e  t o  u n i t y .  Wing 
t i p - d e v i c e s  ( w i n g l e t s ,  feathers ,  s a i l s ,  e tc . )  t h a t  have v e r t i c a l  
dimensions of the o r d e r  of the wing chord can probably improve 
drag-due- to- l i f t  e f f i c i e n c y  by 10 or 15% i f  they  are des igned  as an 
i n t e g r a l  p a r t  of the  wing with the proper l o a d  on a l l  l i f t i n g  elements. 
A s  add-on dev ices  f o r  a well designed CTOL wing t h e y  can be d e t r i m e n t a l .  
The l a r g e s t  increments  of drag-due- to- l i f t  efficiency can be a t t a i n e d  wi th  
j o i n e d  t i p  c o n f i g u r a t i o n s  and v e r t i c a l l y  separated l i f t i n g  e lements .  I t  
is  estimated t h a t  25% improvements of wing d rag  e f f i c i e n c y  can be o b t a i n e d  
wi thout  c o n s i d e r i n g  a d d i t i o n a l  b e n e f i t s  t h a t  might be r e a l i z e d  by improved 
s t r u c t u r a l  e f f i c i e n c y .  It is s t r o n g l y  recommended that  an i n t e g r a t e d  
ae rodynamic / s t ruc tu ra l  approach be taken i n  t he  des ign  of o r  research on 
f u t u r e  out-of-plane c o n f i g u r a t i o n .  
1 .  INTRODUCTION 
The r e s i s t a n c e  of bodies  moving i n  a f l u i d  medium (drag)  is a s u b j e c t  of 
cons ide rab le  i n t e r e s t  t o  t h e  a i rc raf t  des igne r  so much s o  tha t  r e g u l a r  
symposia ( n a t i o n a l  and i n t e r n a t i o n a l )  are h e l d  t o  d i s c u s s  t he  e f f i c i e n c y  of 
modern des igns  and exchange ideas on t h e  re la t ive  merits of v a r i o u s  d rag  
reducing dev ices  ( s e e  Ref. 1 ,  e.g.1. For t h e  modern CTOL a i r p l a n e  there  is 
a lmost  equal  p a r t i t i o n  of the t o t a l  d rag  i n t o  form d rag  and drag-due- to- l i f t .  
Drag re sea rch  i s  u s u a l l y  focused  on one o r  t he  o t h e r  of these t o p i c s .  Recent 
e f f o r t s  on t h e  development of laminar  f low a i r f o i l s  (Ref. 1 ,  pape r s  of S a r i c  
o r  Braslow and F i s c h e r )  and r i b l e t s  (Ref. 1 ,  paper  by Bushnel l )  t o  reduce  
t u r b u l e n t  s k i n  f r i c t i o n  are p r i m a r i l y  concerned w i t h  the  r e d u c t i o n  of  form 
drag.  We w i l l  see h e r e i n  t h a t  a r e d u c t i o n  of form d rag  ( a t  l eas t  on a l i f t i n g  
s u r f a c e )  a l s o  has  a secondary b e n e f i t  of reducing  the  drag-due- to- l i f t .  
Research e f f o r t s  on drag-due- to- l i f t  have focused  p r i m a r i l y  on improved 
wing e f f i c i e n c y .  Planform o p t i m i z a t i o n  ( i n  p a r t i c u l a r  t h e  t i p  d e s i g n )  has 
h e l d  the  c e n t e r  of a t t e n t i o n  (Ref. 2 )  s i n c e  the  advent  of the Whitcomb wing le t  
(Ref. 3 ) .  Many devices both a c t i v e  and i n a c t i v e  have been proposed 
(Refs. 4 ,5 ,6  & 7 )  as drag-due- to- l i f t  r e d u c t i o n  dev ices  and many claims have 
been made about t h e  a b i l i t y  of these d e v i c e s  t o  reduce  drag. The purpose of 
t h i s  s t u d y  is t o  assess these c l a ims  r a t i o n a l l y  and t o  p inpo in t  those areas of 
r e sea rch  t h a t  could have the b i g g e s t  payoff f o r  both c u r r e n t  CTOL and f u t u r e  
a i rcraf t  d e s i g n s ,  The under ly ing  t h e o r e t i c a l  p r i n c i p l e s  t h a t  are a b s o l u t e l y  
e s s e n t i a l  f o r  a t t empt ing  such a p r o j e c t  are  developed i n  S e c t i o n  2. Much of 
the  t h e o r e t i c a l  d i s c u s s i o n  may sound familiar t o  the  reader b u t  t o  our 
knowledge many of the t h e o r e t i c a l  r e l a t i o n s  between d r a g  and wake v o r t i c i t y  
are fundamental ly  new. Also,  the  most impor tan t  p r i n c i p l e  t o  be g leaned  from 
the  mul t i tude  of t h e o r e t i c a l  formulas  i s  the  g e n e r a l i z a t i o n  of the n o t i o n  of 
an opt imal  drag-due- to- l i f t  f o r  a g iven  c o n f i g u r a t i o n .  Th i s  idea has been 
around s i n c e  the  development of l i f t i n g  l i n e  theo ry  a l though  the  "opt imal  
resul t t t  is o f t e n  c r i t i c i z e d  because i t  is based on a l i n e a r  t heo ry .  I t  mus t  
be understood t h a t  the idea f o l l o w s  d i r e c t l y  from the  g l o b a l  conse rva t ion  
p r i n c i p l e s  of f l u i d  mechanics r e v i s i t e d  i n  S e c t i o n  2. There i s  i n  a s e n s e  a 
lfCarnot Drag Eff ic iency"  fo r  a g iven  l i f t i n g  c o n f i g u r a t i o n  whether i t  be the  
CTOL wing, bi-wing, box-wing, a wing w i t h  w i n g l e t s  o r  what have you. It  is 
a g a i n s t  t h i s  opt imal  e f f i c i e n c y  t h a t  we assess the v a r i o u s  drag r e d u c t i o n  
dev ices  i n  S e c t i o n  3. 
F i n a l l y  we remark that  t he  g e n e r a l  t heo ry  can be used t o  u n i f y  and 
provide more r a t i o n a l  d e f i n i t i o n s  of some of t h e  t r a d i t i o n a l  d rag  components. 
For example, i t  is customary t o  cons ide r  the wing t i p  shape t o  have an 
in f luence  on t h e  drag-due- to- l i f t  o r  i n  p a r t i c u l a r  t he  "induced drag." On the  
o t h e r  hand the drag  a s s o c i a t e d  w i t h  the  wing-fuselage j u n c t i o n  is termed 
" i n t e r f e r e n c e  dragt1 and a whole new se t  of des ign  p r i n c i p l e s  have evolved t o  
combat t h i s  d rag  component when i n  f ac t  i t  is fundamenta l ly  of the same o r i g i n  
as induced drag;  i .e.,  v a r i a t i o n  of t h e  l o a d  i n  the  c r o s s  stream d i r e c t i o n  
w i t h  the  product ion  of s t r o n g  ax ia l  v o r t i c i t y .  With a more u n i f i e d  viewpoint  
the emphasis on wing t i p  des ign  can perhaps be put  i n t o  bet ter  p e r s p e c t i v e  as 
Only one component of a t o t a l l y  i n t e g r a t e d  des ign  both  aerodynamic and 
s t r u c t u r a l .  The b i g g e s t  payoff i n  the  f u t u r e  may well be i n  the des ign  of 
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c o n f i g u r a t i o n s  t h a t  e l i m i n a t e  a l l  unnecessary c r o s s  stream l o a d  v a r i a t i o n s  (a 
s t r o n g  case f o r  the f l y i n g  wing and j o i n e d  t i p  c o n f i g u r a t i o n )  i n  p a r t i c u l a r  i f  
there are s t r u c t u r a l  b e n e f i t s  t o  be r e a l i z e d .  
I n  t h i s  s t u d y  we have d e l i b e r a t e l y  omit ted any de ta i led  c o n s i d e r a t i o n s  or  
e v a l u a t i o n  of a c t i v e  dev ices  such as t i p  blowing, p r o p e l l e r s ,  e tc .  The 
l i f t i n g  c o n f i g u r a t i o n s  of t h i s  s t u d y  do  not exchange mass, momentum or energy 
a t  t h e i r  boundary so  that  drag  e f f i c i e n c y  can be measured i n  terms of en t ropy  
product ion  of  t he  airframe f o r  a r equ i r ed  amount of l i f t .  If part of the 
powerplant energy or a u x i l i a r y  energy is  used t o  a l ter  the  f low over  the  
l i f t i n g  e lements  then  the  d rag  becomes d i f f i c u l t  i f  no t  imposs ib l e  t o  s e p a r a t e  
from the powered t h r u s t .  E f f i c i e n c y  must t hen  be measured i n  terms of t o t a l  
power requi rements  ( i n c l u d i n g  a l l  a u x i l i a r y  blowing) f o r  a g iven  l i f t .  While 
t h i s  can and must be done t o  e v a l u a t e  a c t i v e  devices we have concen t r a t ed  on 
t h e  e f f i c i e n c y  of i n a c t i v e  l i f t i n g  elements he re in .  A n a t u r a l  and worthwhile  
fo l low on t o  t he  p resen t  s t u d y  would be t o  r e v i s e  t he  b a s i c  fo rmula t ion  of 
S e c t i o n  2 t o  inc lude  mass, momentum and energy exchange a t  a l l  surfaces and so  
i n t e g r a t e  the powerplant and a u x i l i a r y  blowing d e v i c e s  i n t o  t h e  aerodynamic 
e V a l  ua t i on. 
I 
3 
NOMENCLATURE 
A b2/S, aspect r a t i o  ( O r  a n g u l a r  momentum i n  ha l f  Con t ro l  volume) 
b wing span 
c ( y )  
c d ( y )  s e c t i o n  drag d i s t r i b u t i o n  
chord d i s t r i b u t i o n  of wing planform 
average wing s e c t i o n  d r a g  c o e f f i c i e n t  
f l a t  p l a t e  s k i n  f r i c t i o n  c o e f f i c i e n t  
s e c t i o n  l i f t  cu rve  s l o p e  
D/S-q,, d rag  c o e f f i c i e n t  based on area S of l i f t i n g  surface 
d rag  a s s o c i a t e d  w i t h  wake c r o s s  f low k i n e t i c  ene rgy  ( induced  
d rag -due - to - l i f t )  see (2.3.28)  
cas 
Cf 
CRa 
CD 
CD 
C d r a g  i n  absence o f  l i f t  
DO 
L/S*q,, l i f t  c o e f f i c i e n t  cL 
t o t a l  l i f t  curve s l o p e  
i o ? ,  drag ,  see ( 2 . 1 . 4 )  and (2.1.6)  + 
cLa 
D 
e e n e r g y / u n i t  mass (or wing e f f i c i e n t  fac tor ,  see (2 .3 .31 ) )  
E t o t a l  energy i n  c o n t r o l  volume see (2 .1 .1 )  
f ( x , y )  wing t h i c k n e s s  d i s t r i b u t i o n ,  see (2 .4 .3)  
it r e s u l t a n t  f o r c e ,  see (2 .1 .4 )  
g ( x , y )  wing camber and t w i s t  d i s t r i b u t i o n ,  see (2.4.3)  
H h+vL/2, t o t a l  en tha lpy  
k s e c t i o n  drag-due-to- l i f t  f a c t o r ,  see (2.4.17 and 2.4.18) 
K wing t o t a l  d rag -due - to - l i f t  f a c t o r ,  see (2 .4 .15  and 2.4.16) 
form d rag -due - to - l i f t  f a c t o r ,  see ( 4 . 2 . )  
induced d rag -due - to - l i f t  f ac to r ,  see ( 4 . 2 )  
Kf 
Ki 
L l i f t ,  see (2 .1 .4  and 2.1.5) 
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i n t e g r a l  scale of wake v o r t i c i t y ,  see (2.3.27) 
f r a c t i o n  of wing l e a d i n g  edge t h a t  is s e p a r a t e d ,  see (2.5.5) 
t o t a l  mass i n  c o n t r o l  volume s e e  (2.1 . I )  
Mach number a t  i n f i n i t y  
s t a t i c  f l u i d  p r e s s u r e  
p+p v L / 2 ,  t o t a l  head p r e s s u r e  
t o t a l  momentum i n  c o n t r o l  volume, see (2 .1 .1)  
heat f l u x  v e c t o r  
gas c o n s t a n t ,  see ( 2 . 2 . 1 )  
Reynolds number 
en t ropy /un i  t mass 
t o t a l  en t ropy  i n  c o n t r o l  volume, see (2.1.)  
r e f e r e n c e  area o f  wing 
time 
T r e f f t z  p l a n e  ( o r  t e m p e r a t u r e )  
half T r e f f t z  p l a n e  
f ree  stream v e l o c i t y  i n  x -d i r ec t ion ,  see F i g u r e  2.1 
normal component of v e l o c i t y  on a s u r f a c e  w i t h  normal n' 
(u ,v,w) v e l o c i t y  components 
magnitude o f  v e l o c i t y  i n  t h e  T r e f f t z  p l a n e  
average c i r c u l a t i o n  v e l o c i t y ,  s e e  (2 .4 .24)  
( x , y , z )  C a r t e s i a n  c o o r d i n a t e s ,  see F i g u r e  2.1 
v o r t e x  s p a n ,  see (2 .3 .4 )  
a n g l e  of a t tack ( g e o m e t r i c )  
measure of wing max camber or twist 
wake displacement  t h i c k n e s s ,  s ee  (2.5.9) 
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A 
A s  
E 
Y 
rO 
P 
P m  
lJ 
+ + 
T 
+ 
w 
d i f f e r e n c e  p r e s s u r e  c o e f f i c i e n t  or  l o a d ,  s e e  (2 .4 .5 )  
s- 5, 
measure of wing max t h i c k n e s s  
r a t i o  of s p e c i f i c  h e a t s ,  s e e  (2 .2 .1)  
c i r c u l a t i o n  d i s t r i b u t i o n  i n  wake 
t o t a l  v o r t i c i t y  ( c i r c u l a t i o n )  i n  h a l f  T r e f f t z  p l ane  s e e  (2.3.3) 
s e e  (2.5.4)  
f l u i d  v i s c o s i t y  
mass d e n s i t y  
f r e e  s t ream d e n s i t y  
mean p res su re  c o e f f i c i e n t ,  s e e  ( 2 . 4 . 4 )  
v i scous  s t r e s s  t e n s o r  
s t ream f u n c t i o n ,  s e e  (2.3.13) 
c u r l  3, v o r t i c i t y  
6 
2. FUNDAMENTAL THEORY 
I 
2.1 I n t e g r a l  Conse rva t ion  Laws  
Consider  a l i f t i n g  body ( a i r p l a n e )  f i x e d  i n  a f l u i d  t h a t  moves i n  t h e  
p o s i t i v e  x d i r e c t i o n  a t  speed u, as shown i n  F i g u r e 2 . l .  We fur ther  c o n s i d e r  a 
c y l i n d r i c a l  c o n t r o l  volume V t h a t  enc loses  t he  body and is bounded by an  
upstream y-z p l a n e  T, and a downstream ( T r e f f t z )  p l a n e  T a t  an a r b i t r a r y  
l o c a t i o n  x. The c y l i n p i c a l  boundary is denoted by C and the  s u r f a c e  of t h e  
a i r p l a n e  by S. Also n is the u n i t  normal on t h e  o u t e r  boundary ( p o s i t i v e  o u t  
o f  V I  and on S ( p o s i t i v e  i n t o  V I .  We c o n s i d e r  the  c o n s e r v a t i o n  of mass, 
l i n e a r  and a n g u l a r  momentum, energy and e n t r o p y  ( a l s o  t o t a l  head) and t h e i r  
r e l a t i o n  t o  the r e s u l t a n t  force t h a t  acts on the  a i r p l a n e :  
M = /pdV 
V 
Mass 
L inea r  Momentum 
V 
A =  I + +  1 ex x pfdV Angular Momentum (Half C o n t r o l  Volume) 
112 
V 
cy? = J psdV 
V 
Ener g y 
Entropy 
The compress ib l e  v i s c o u s  e q u a t i o n s  of f l u i d  motion are: 
(2.1.1) 
a P  + 
a t  
- + d i v  pv = 0 
7 
\ 
0 
fs: 
4- 
I f 
I 
i 
b 
'\ 
\ 
i2 
4 
0 
3 
d 
0 
k u 
k 
1 
bL 
I 
4 
N 
a, 
k 
1 
8 
+ - z +  
(2 .1 .2 )  a 2 
a t  
- p(e+v / 2 )  + d i v  p;(e+v2/2) + pv - 'IOV + 4 1  = 0 
We compute the  time r a t e  of change of each of the g l o b a l  q u a n t i t i e s  
de f ined  i n  (2 .1 .1)  and assume t h a t  i n  s teady  s t a t e  o p e r a t i o n  the  time average 
r a t e  of change is  zero.  The time average of a l l  subsequent  equa t ions  is  
impl ied  a l though we have omi t t ed  any e x p l i c i t  n o t a t i o n  t o  i n d i c a t e  averages .  
We assume t h a t  the  v e l o c i t v  and heat f l u x  through S a r e  zero .  Also we assume 
t h a t  t he  Reynolds number is v e r y  l a r g e  s o  t h a t  c o n t r i b u t i o n s  of v i scous  
stresses on t h e  o u t e r  c o n t r o l  boundary may s e n s i b l y  be neg lec t ed .  The 
conse rva t ion  of mass leads t o  t he  fo l lowing  i n t e g r a l  equa t ion  f o r  t h e  out f low 
through C and T ,  
a r e s u l t  t h a t  is used i n  a l l  subsequent  equat ions .  The conse rva t ion  of l i n e a r  
momentum leads t o  the fo l lowing  r e p r e s e n t a t i o n  of t he  r e s u l t a n t  f o r c e  on S: 
$ E -  / (pR-!*;)dS Resu l t  a n t  Force 
S 
(2.1.4) + = ? D + t  with  1.2 = 0 
where D is the  t o t a l  d rag  due t o  p re s su re  and v i scous  stresses and by 
d e f i n i t i o n  is the  p r o j e c t i o n  of the r e su l t+an t  f o r c e  on the  f ree  stream 
d i r e c t i o n .  The t r a n s v e r s e  f o r c e  is denoted by L and i f  the  x-z p lane  is a 
p lane  of symmetry, then  L' = kjL where L is the  l i f t .  We assume a p lane  of 
symmetry i n  the  fo l lowing  development. The T r e f f t z  p l ane  r e p r e s e n t a t i o n s  of 
the l i f t  and d rag  are  given by 
9 
L i f t  
whi le  the s u r f a c e  d e f i n i t i o n s  of l i f t  and drag are given by 
(2.1.5) j 
(2.1.6) 
, 
(2.1.7) 
(2.1.8) 
The conse rva t ion  of angular  momentum i n  one half  of the c o n t r o l  volume 
leads t o  an expres s ion  f o r  t he  r o o t  bending moment; i .e . ,  
T 1 / 2  y=o 
Sgmme t ry  
plane 
w h i l e  M is def ined  i n  terms of s u r f a c e  f o r c e s  by 
(2.1.9) 
(2 .1 .10)  
where the s u b s c r i p t  ( 1 / 2 )  denotes  one ha l f  of the wing, t h e  T r e f f t z  p l ane  o r  
c o n t r o l  volume bounded by t h e  symmetry p lane  y = 0. 
The conse rva t ion  of t o t a l  energy combined w i t h  the  assumption of an 
a d i a b a t i c  s u r f a c e  S leads t o  the conc lus ion  t h a t  the t o t a l  en tha lpy  d e f i c i t  i n  
t h e  Treff tz  p lane  is zero ;  i .e.,  
(2.1.11) 
where 
(To ta l  Entha lpy)  (2.1.12) 2 H = h+v / 2  
Conserva t ion  of en t ropy  combined wi th  F o u r i e r ’ s  law of i n t e r n a l  heat 
conduct ion  leads t o  t h e  fo l lowing  result f o r  en t ropy  f l u x  through t h e  T r e f f t z  
p lane :  
/pu(s-s.)dS = [ p(’:y;: :). k (Ti2] dV 2 0 (2.1.13) 
T 
We remark t h a t  i f  the f l u i d  is incompress ib le  the  l a s t  s t a t emen t  can be 
r e w r i t t e n  as a f l u x  of t o t a l  head loss;  i . e . ,  
T V 
where 
(To ta l  Head) 2 P = p + pv / 2  
+ and o = c u r l ?  is the  v o r t i c i t y .  
2.2 T r e f f t z  Plane R e p r e s e n t a t i o n s  of the Drag and L i f t  
(2.1.14) 
(2.1.15) 
The o b j e c t i v e  of t h i s  s e c t i o n  is t o  use t h e  g l o b a l  conse rva t ion  laws i n  
con junc t ion  wi th  o t h e r  p r i n c i p l e s  of wing t h e o r y ,  Betz  type  wake r o l l - u p  
t h e o r y ,  e tc .  t o  d e r i v e  a va r i e ty  of r e p r e s e n t a t i o n s  of t h e  drag and l i f t  from 
which s o l i d  conc lus ions  can be drawn and which can be used t o  assess proposed 
methods f o r  reducing  d r a g ,  i n  p a r t i c u l a r  drag-due- to- l i f t  of conven t iona l  take 
o f f  and l a n d  (CTOL) a i rc raf t .  
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F i r s t  w e  c o n s i d e r  the  fundamental  T r e f f t z  p l a n e  r e l a t i o n  for  the  d rag  
(2.1.6) and i n t r o d u c e  the  f o l l o w i n g  p e r f e c t  gas r e l a t i o n s :  
(2 .2 .1)  
and assume t h a t  t o t a l  e n t h a l p l y  is conserved on eve ry  s t r e a m l i n e  through the  
T r e f f t z  plane.  T h i s  is an assumption c o n s i s t e n t  w i t h  t he  g l o b a l  c o n s e r v a t i o n  
o f  t o t a l  en tha lpy  (2 .1 .11 ) .  We a l s o  n o t e  t h a t  t o t a l  e n t h a l p y  is conserved 
a c r o s s  shock waves and ad iaba t i c  boundary layers ( a t  l eas t  fo r  u n i t  P r a n d t l  
number), so  t h a t  the  assumption does n o t  seem very  s e v e r e .  We f u r t h e r  assume 
t h a t  i n  t h e  Tref f tz  p l ane .  
urn- u 
-- < < I  
a m  
v /a, < < 1 
A s / R  < < 1 (2 .2 .2)  
With the  fo rego ing  a s sumpt ions ,  we o b t a i n  the  f o l l o w i n g  e x p r e s s i o n  f o r  t h e  
d r a g  
2 1 D p, I d s [ * +  Q 2 - ( l - M m )  2 YR 
T 
(2.2.3) 
Another u s e f u l  e x p r e s s i o n  f o r  t h e  d r a g  can be o b t a i n e d  i f  we i n t r o d u c e  
the  d e f i n i t i o n  of t o t a l  head 
12 
2 2 p = p + -  P V !  + pu 
2 2 
The drag fo rmula  is 
2 p(u,-u) 
D = [dS [Pa- P + - -- 2 
(2 .2 .4 )  
(2.2.5 1 
where the en t ropy  r i se  i n  (2.2.3) has been r e p l a c e d  by t o t a l  head l o s s  i n  
(2.2.5) .  
With the  incompress ib l e  e x p r e s s i o n  f o r  t o t a l  head f l u x  ( 2 . 1 . 1 4 )  we can 
d e r i v e  y e t  a n o t h e r  drag formula 
We remark t h a t  a similar but  somewhat messier e x p r e s s i o n  can be o b t a i n e d  f o r  
compress ib l e  f low when t h e  e x p r e s s i o n  (2.1.13) f o r  t h e  en t ropy  f l u x  is  
s u b s t i t u t e d  i n t o  (2.2.3) .  
S e v e r a l  important  conc lus ions  can be drawn from the  above i n t e g r a l  
e x p r e s s i o n s .  F i r s t  we n o t e  t h a t  t he  streamwise l o c a t i o n  of the  T r e f f t z  p l a n e  
is a r b i t r a r y .  Thus we can d i f f e r e n t i a t e  (2.2.6) w i t h  r e s p e c t  t o  x. S i n c e  t he  
drag  is independent of x ,  we ge t  
(2 .2 .7)  
Thus t h e  k i n e t i c  energy of the wake c r o s s  f low decays i n  p r o p o r t i o n  t o  t he  
loca l  ens t rophy  ( b o t h  mean and t u r b u l e n t )  a t  s t a t i o n  x. Both t h e o r e t i c a l  
estimates and o b s e r v a t i o n s  i n d i c a t e  t h a t  s e v e r a l  miles are r e q u i r e d  f o r  wake 
decay. Thus the  k i n e t i c  energy and t h e  t o t a l  head l o s s  are more o r  iess 
13 
c o n s t a n t  (adiabat ic  i n v a r i a n t s )  f o r  many s p a n s  behind a high Reynolds number 
CTOL a i r c r a f t .  This  conc lus ion  is  i n  fact  the j u s t i f i c a t i o n  f o r  a T r e f f t z  
p l a n e  r e p r e s e n t a t i o n  of c lass ica l  induced drag and t h e  c o n s e r v a t i o n  p r i n c i p l e s  
t h a t  underly the  Betz wake r o l l - u p  theory.  
Since a l l  k i n e t i c  energy i n t e g r a l s  over  the  T r e f f t z  p l a n e  van i sh  as x 
t e n d s  t o  i n f i n i t y  we can write three e q u i v a l e n t  e x p r e s s i o n s  f o r  t h e  drag: 
D = L i m  
x-+m p,a: hs dS YR T 
= L i m  I (Prn-P)dS 
T X-- 
(2.2.8 )* 
Conclusion : 
A l l  d r a g ,  by whatever name we may at tach t o  i t ,  i s  u l t i m a t e l y  r e a l i z e d  as 
an  entropy rise or t o t a l  head loss  i n  t he  f a r  wake. Also i t  is p r o p o r t i o n a l  
t o  t h e  volume i n t e g r a l  of the  squa red  v o r t i c i t y  ( e n s t r o p h y ) .  For an i n v i s c i d  
non-conducting f l u i d  t h e  d r a g  i s  zero.  
Next we i n t r o d u c e  an approximation t h a t  can be j u s t i f i e d  f o r  high a s p e c t  
r a t i o  CTOL a i r c r a f t .  We omit d e t a i l s  of t he  t h e o r e t i c a l  argument and r e s o r t  
t o  the  fo l lowing  h e u r i s t i c  approach. Compare the  drag given by (2.1.6) and 
(2 .2 .5 ) .  A major component of the  d rag  a l a  (2.1.6) is due t o  t he  momentum 
d e f i c i t  (urn-u) and i n  p a r t i c u l a r  t h e  p r o f i l e  d rag  ( i n  absence of l i f t )  
( 2 . 2 . 9 )  
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The p r o f i l e  d rag  c o e f f i c i e n t  is of o rde r  (.01) o r  less  and f o r  a llgoodtl wing 
i s  p r i m a r i l y  due t o  t h e  l i n e a r  term i n  ( 2 . 2 . 7 ) .  I t  seems p l a u s i b l e  t h a t  we 
can argue  t h a t  the  q u a d r a t i c  term is of order  o r  a few coun t s  of drag 
c o e f f i c i e n t .  From an a i r c r a f t  o p e r a t i o n a l  s t a n d p o i n t  a few counts  of d rag  is 
no t  n e g l i g i b l e .  However i t  is s a f e  t o  say t h a t  n e i t h e r  t he  p resen t  t heo ry  o r  
any proposed t h e o r y ,  CFD o r  l a b o r a t o r y  experiment can c la im 1 %  accuracy  a t  
l eas t  i n  t h e  near  f u t u r e .  For t h i s  reason  we omit a l l  terms i n  the  a n a l y s i s  
t h a t  are of the o r d e r  of the  d rag  c o e f f i c i e n t  squared  and t h u s  a l l  terms t h a t  
are q u a d r a t i c  i n  t h e  a x i a l  momentum de fec t .  The r e s u l t i n g  
formulas  are summarized below! 
D = [($ + Pm-P) dS 
approximate drag  
(2.2.10) 
Also we have t h e  fo l lowing  a u x i l i a r y  r e l a t i o n s  t h a t  fo l low from (2 .1 .6) :  
I 
T 
and 
= -  
urn v 
(2.2.11) 
(2.2.12) 
T T 
It is c o n s i s t e n t  wi th  these formulae t o  write t h e  l i f t  (2 .1 .5)  and r o o t  
bending moment (2.1.9) i n  t he  l i n e a r i z e d  forms 
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T 
and 
(2.2.13) 
(2 .2 .14)  
TI  / 2  y=o 
2.3 Drag and L i f t  i n  Terms of V o r t i c i t y  
The importance of v o r t i c i t y  i n  t h e  r e p r e s e n t a t i o n  and unde r s t and ing  of 
t h e  o r i g i n  of drag and l i f t  cannot  be overemphasized. We have already n o t e d  
t h a t  the  d r a g  can  be expres sed  i n  terms of the volume i n t e g r a l  over  a l l  space  
o f  t he  squa red  v o r t i c i t y .  I n  t h i s  s e c t i o n  we reduce  the  v a r i o u s  drag and l i f t  
formulae d e r i v e d  above t o  i n t e g r a l  moments and c o r r e l a t i o n s  of v o r t i c i t y  i n  
t h e  T r e f f t z  plane.  The r e l a t i o n s  so  o b t a i n e d  form the  basis f o r  a l a r g e  p a r t  
of t he  accumulated p r a c t i c a l  unde r s t and ing  of drag-due-to- l i f t .  
F i r s t  we c o n s i d e r  l i n e a r  moments of v o r t i c i t y  i n  t h e  T r e f f t z  p l a n e  w i t h  
t h e  fo l lowing  d e f i n i t i o n s :  
au a w  
Y a z  ax 
w = - - -  
(2.3.1 1 
o r  w z  over  the e n t i r e  T r e f f t z  p l a n e  is zero.  Thus we wY The i n t e g r a l  of ax,  c o n s i d e r  t h e  l i n e a r  moments. For example 
(2.3.2)  
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where we have used (2.2.13) t o  o b t a i n  the  r e p r e s e n t a t i o n  i n  terms of l i f t .  
Now d e f i n e  t h e  t o t a l  v o r t i c i t y  i n  t h e  ha l f  p l ane  by 
ro = 1 wxdS (2.3.3) 
T1 /2 
and t h e  l a t e r a l  s e p a r a t i o n  ( d i s t a n c e  between c e n t e r s )  of a x i a l  v o r t i c i t y  by 
Then (2.3.2)  may be w r i t t e n  as 
the famous Kut ta  Joukowsky formula  for l i f t .  Also 
T T 
s i n c e  we have p o s t u l a t e d  a p lane  of symmetry w i t h  no n e t  s ide  f o r c e .  
Now cons ide r  t r a n s v e r s e  moments of wy and wz. We g e t  
/dS z*wY = /(um-u)dS - - dx j z w d S  
T T T 
(2 .3 .5)  
(2.3.6) 
(2.3.7 1 
The l a s t  term i n  each of the abnve expres s ions  is assumed t o  be zere. All 
v o r t i c i t y  moments t h a t  e x i s t  must be a d i a b a t i c  i n v a r i a n t s  ( w i t h  respect t o  x )  
17 
i n  t he  i n t e r m e d i a t e  wake r e g i o n  where Tre f f t z  p l a n e  arguments are v a l i d .  Thus 
we have an e x p r e s s i o n  f o r  t h e  momentum l o s s  a s s o c i a t e d  w i t h  t h e  a x i a l  f low 
t h a t  is t h e  first major component of t h e  drag (see (2.2.10) and ( 2 . 2 . 1 1 ) ) .  We 
write 
T T 
T 
For t h e  moment w e  r e f r a i n  from g i v i n g  t h i s  drag component a name. 
The second moments of a x i a l  v o r t i c i t y  are related t o  t he  a n g u l a r  momentum 
and r o o t  bending moment. We c a l c u l a t e  
and n o t e  t h a t  the  f i rs t  term is p r o p o r t i o n a l  t o  the  f l u x  of angu la r  momentum 
through the half  T r e f f t z  p l ane .  But from (2.2.141, we have for  the  r o o t  
bending moment 
= PmUm (yw-zv)dS + (p-p,) * z  dxdz 
/2  y=o 
(2.3.10) 
Combining the  l a s t  two e q u a t i o n s ,  we get 
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)wxdS - - ] z2w dz 
-a 
2 
M I - -  
2 
y=o T 1 / 2  
y-0 
(2.3.11) 
For high a s p e c t  r a t i o  c o n f i g u r a t i o n s ,  the i n t e g r a l s  over  y = 0 i n  (2.3.11) can 
be omi t ted .  The r o o t  bending moment is t h e  f l u x  of angu la r  momentum and a l s o  
t h e  po la r  moment of the  wake axial  v o r t i c i t y  d i s t r i b u t i o n ;  i .e. ;  
M p,u, I ( yw- zv ) dS 
(2.3.12) 
The l a s t  r e s u l t  is a fundamental  bu i ld ing  block i n  the  Betz  t h e o r y  of wake 
r o l l  up (Ref. 8) .  
The f i n a l  moment of v o r t i c i t y  that  we cons ider  is n o n l i n e a r .  In t roduce  
t h e  vec to r  stream f u n c t i o n  $ such t h a t  
-P 2 = c u r l  J, w i t h  d i v  $ = 0 
Then we g e t  
(2.3.1 3 )  
(2.3.14) 
Based on t h e  n o t i o n  of adiabat ic  inva r i ance  of wake p r o p e r t i e s  we n e g l e c t  the 
l a s t  term i n  (2.3.14)  and w r i t e  
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(2 .3.15)  
Also, t o  the  same o rde r  of approximation t h e  v e l o c i t y  components i n  t he  
T r e f f t z  plane are given by 
(2.3.16)  
Now compute 
wxJIxdx = - (% + ”) dS T T a Y  az  
= /(v2+w2)dS (2 .3 .17)  
T 
w i t h  an  i n t e g r a t i o n  by p a r t s .  But  we can a l s o  s o l v e  (2 .3 .15)  i n  the  T r e f f t z  
p l ane  t o  g e t  
(2.3.18) 
Now combine (2.3.17)  and (2.3.18)  and use (2.2.12) t o  o b t a i n  the  fo l lowing  
expres s ion  f o r  t h a t  component of d rag  t h a t  is p r o p o r t i o n a l  t o  k i n e t i c  energy 
of t he  c ros s  f low i n  the T r e f f t z  p lane :  
T T 
(2.3.191 
Thus, t he  l i f t ,  r o o t  bending moment and t h e  above component of d r a g  depend 
o n l y  on the streamwise component of v o r t i c i t y .  The f irst  two are l i n e a r l y  
dependent on wx w h i l e  t he  drag is q u a d r a t i c a l l y  dependent on wx. For 
convenience we summarize t h e  key formula of t h i s  s e c t i o n  below: 
Summary 
T T 
(2.3.20) 
The t o t a l  drag is the sum of t h e  l a s t  two r e l a t i o n s  i n  (2.3.20) and is  
expres sed  e n t i r e l y  i n  terms of i n t e g r a l  p r o p e r t i e s  of t h e  v o r t i c i t y  i n  t he  
T r e f f t z  p l a n e ;  i .e. ,  
A J 
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r a d i a l  d i s t r i b u t i o n  about  two well d e f i n e d  centers t h a t  are s e p a r a t e d  by t h e  
- 
y = y + r cos e z = r s i n  e 
- -  w = we  s i n  e wZ - w e  COS e Y 
Thus 
(2.3.22) 
(2.3.23) 
In t roduce  the f o l l o w i n g  d e f i n i t i o n s  of t o t a l  az imutha l  v o r t i c i t y  re  and t h e  
r a d i a l  spread re:  
r e  =   IT rwedr I 0 
r e  = - 2a r2w0dr 
e o  r 
(2.3.24) 
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so 
w 
0 
c 
0 
.rl 
U 
fd 
aJ c 
fd 
d 
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N 
U 
w 
w 
aJ 
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H 
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hl 
hl 
aJ 
$4 
1 
M 
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Fr 
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0 
/ 
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0
\ 
‘4 
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4 
4 
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Thus, we o b t a i n  f o r  (2 .3 .23)  
(P,-P)dS = p,u,rg*re 
T 
(2.3.25) 
Thus the  drag a s s o c i a t e d  w i t h  the t o t a l  head l o s s  can be expres sed  i n  t h e  
ro l l ed -up  r e g i o n  of the T r e f f t z  p l ane  by a formula t h a t  is d i r e c t l y  ana logous  
t o  t he  Kutta Joukowski formula  f o r  l i f t .  
The second term i n  t h e  e x p r e s s i o n  for  d rag  (2.3.21) can a l so  be expres sed  
i n  terms of the t o t a l  c i r c u l a t i o n  a s s o c i a t e d  w i t h  l i f t  and a n  i n t e g r a l  l e n g t h  
sca le  t h a t  is a measure of  the sp read  of  t h e  a x i a l  v o r t i c i t y .  We g e t  
(2.3.26 
where the i n t e g r a l  scale,  go,  is given  by the  s o l u t i o n  of the fo l lowing  
e q u a t i o n  : 
. -  r - I r  J r , \  r,. I r 
where r ( r )  is t h e  c i r c u l a t i o n  d i s t r i b u t i o n  i n  t h e  r o l l e d  up vo r t ex .  If the 
d rag  a s s o c i a t e d  w i t h  t h e  c r o s s  f low k i n e t i c  energy  is reduced t o  a drag 
c o e f f i c i e n t ,  CDi, based on the  t o t a l  area S. Then 
(2.3.28) 
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For a wing tha t  is e l l i p t i c a l l y  loaded ,  i t  is wel l  known tha t  t h e  expres s ion  
i n  brackets is e x a c t l y  u n i t y  w i t h  
- 
- -  y - 2  - T2/4 , - = e  
Y 
(2.3.29) 
Thus we have de r ived  an expres s ion  f o r  t h e  "induced drag" inc lud ing  a formula 
f o r  the  e f f i c i e n c y  f a c t o r .  That  is,  i f  
(2.3.30) 
c:, 
'Di = 
then  
(2.3.31 1 
We w i l l  g ive  e s t i m a t e s  of the induced drag based on t h e  above formula.  This  
is the f irst  major component of d rag -due - to - l i f t .  It is not  the  whole s t o r y ,  
however. The d rag  a s s o c i a t e d  w i t h  t h e  t o t a l  head l o s s  is a l s o  dependent on 
t h e  l i f t  as w e  w i l l  demonstrate  below. 
2.4 Drag and L i f t  i n  Terms of Sur face  P res su re  -
I n  t h e  l as t  two s e c t i o n  w e  have concent ra ted  on r e p r e s e n t a t i o n s  of drag 
and l i f t  i n  t h e  T r e f f t z  p lane .  I t  is in fo rma t ive  t o  supplement t h e  above 
r e s u l t s  wi th  near  f i e l d  s u r f a c e  r e p r e s e n t a t i o n s  of drag and l i f t .  We 
c o n c e n t r a t e  on the  c o n t r i b u t i o n  of the pressure t o  l i f t  and drag  of a wing. 
From (2.1.7) and (2.1.8) we have 
S 
(Pressure drag)  
S 
(2.4.1) 
(2.4.2) 
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Now suppose t h a t  the wing has upper and lower s u r f a c e s  d e f i n e d  by I 
s: z- + = -+ c f ( x , y )  + 6 g ( x , y )  - ax (2.4.3) I 
7. T -r 
I Thickness Camber Angle of attack 
I & Twist 
Also,  we d e f i n e  mean and d i f f e r e n c e  p r e s s u r e  c o e f f i c i e n t s  and l i f t  and drag 
c o e f f i c i e n t s  as fo l lows :  
cp + + cp 
a = -  (P++P-)/qw = Mean P r e s s u r e  C o e f f i c i e n t  (2 .4 .4)  
2 2 
+ + - - 
A = ( p  -p  )/qw = Cp - C p  D i f f e rence  Pressure C o e f f i c i e n t  (2 .4 .5)  
(2.4.6) 
(2.4.7 1 
Now assume t h a t  A and u are  r e g u l a r  f u n c t i o n s  of a and 6 and expand CL t o  
f i rs t  order  and CD t o  second o r d e r  i n  a and 6 .  The r e s u l t s  are: 
dxdy + 2& p!L)o f x  y -+ .6  
+ ( CL6 -J(C,, gx s
S S 
(2.4.8) dxdy 
S S 
i 
w i t h  I 
dxdy 
S 
S 
cDO 
(2 .4 .9)  
(2.4.10) 
(2.4.11) 
(2.4.12) 
I Many i n t e r e s t i n g  r e s u l t s  can be der ived w i t h  (2.4.8) and its c o u n t e r p a r t  
t h a t  accoun t s  for the  d rag  due t o  t h e  surface v i scous  stress. Here w e  want t o  
of a wing wi th  symmetric a i r f o i l  s e c t i o n s  ( z e r o  camber). 
I 
I 
show t h e  connec t ion  between drag and  l i f t  due t o  pressure fo r  t h e  s imple  case 
With 6 = 0 ,  we get 
(2 .4 .13)  
S 
or  
( 2 . 4 . 1 4 )  
(2.4.15) 
I 
w i t h  
(2.4.16) 
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The second term i n  (2.4.15) is of the same form as the  induced drag formula  
(2.3.29)  and i n  f a c t  i f  we were c l e v e r  enough t o  d e r i v e  the  p r e s s u r e  
d i s t r i b u t i o n  on t h e  three d imens iona l  wing t o  second o r d e r  i n  a we cou ld  i n  
f a c t  c a l c u l a t e  the  induced drag w i t h  (2.4.16) .  That would be a very  d i f f i c u l t  
t a s k  and is not  necessary .  The p o i n t  of (2 .4 .16)  is  t o  i l l u s t r a t e  s o u r c e s  of 
drag-due- to- l i f t  t h a t  are no t  con ta ined  i n  (2 .3 .29) .  The familiar "induced" 
v a r i a t i o n  of l i f t .  I t  is the p r i c e  we pay f o r  f l y i n g  a wing of f i n i t e  span .  
However even i f  the  span is i n f i n i t e  and the l o a d  is uniform the drag of a 
symmetric a i r f o i l  s e c t i o n  v a r i e s  q u a d r a t i c a l l y  wi th  a n g l e  of a t tack and 
t h e r e f o r e  w i t h  t he  l i f t .  The formula  (2.4.15)  can t h e n  be r e p l a c e d  w i t h  
s e c t i o n  p r o p e r t i e s ;  i .e . ,  
I component of drag-due- to- l i f t  is a c t u a l l y  t h e  d rag  due t o  the  spanwise I 
w i t h  
The s e c t i o n  p r o f i l e  drag-due- to- l i f t  is c h a r a c t e r i z e d  by t h e  parameter  
dcd 
d c t  
k = -  
(2.4.17) 
(2 .4 .18)  
The second term i n  (2.4.17) ( a l s o  i n  (2 .4 .13))  shows t h e  effect  of 
t h i c k n e s s  on drag-due- to- l i f t .  I f  E t e n d s  t o  z e r o  and t h e  i n t e g r a l  remains 
bounded then 
2 0.16 F l a t  Plate  A i r f o i l  S e c t i o n  (2.4.19) L i m  k = -  - - 1 1 
C 21T 
E+O 
where  IT is the s t a n d a r d  l i f t  c o e f f i c i e n t  f o r  a f l a t  p l a t e  a i r f o i l .  On the  
o t h e r  hand, f o r  a wide c lass  of a i r f o i l  s e c t i o n s ,  k i s  a t  l ea s t  an o r d e r  of 
magnitude s m a l l e r  t han  1/2n. I n  Table 1 we have c a l c u l a t e d  k f o r  a i r f o i l  
s e c t i o n  d a t a  from Abbott  & VanDoenhoff (Ref. 9 ) .  The data are f o r  S e c t i o n s  
w i t h  s t anda rd  l e a d i n g  edge roughness .  I n  gene ra l  k is about  t he  same o r d e r  of 
magnitude as the  p r o f i l e  drag  c o e f f i c i e n t ;  For t h e  t h i n n e r  
s e c t i o n s  k is somewhat g r e a t e r  t h a n  C d o .  However, Hoerner (Ref. 10)  
i .e . ,  C d o  "= 0.01. 
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% 6  Table 1. S e c t i o n  Drag Due to L i f t  (Re 10 ). 
Airfoil 
S e c t i o n  
NACA 
006 
009 
012 
63012 
63015 
63018 
63A010 
64006 
64009 
64012 
d 
d c  
d c i  
.013 
.012 
.013 
.Oll 
.0094 
.0094 
.0125 
.034 
.0147 
.012 
-- 
Airfoil 
S e c t i o n  
NACA 
64015 
64018 
64021 
6 4AO 10 
65006 
65015 
65018 
65021 
Flat P l a t e  
d 
d c  
d c i  
.Ol 
.Ol 
.019 
.014 
.014 
.Ol 
.012 
.Oll 
1127~ = .159 
-
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recommends tha t  t h e  parameter k be r e p l a c e d  by 'do i n  c a l c u l a t i n g  s e c t i o n  drag  
due t o  l i f t .  Also we n o t e  t he  exper imenta l  data i n  Ref. 10 (7-3, F ig .  4 )  t h a t  
shows the abrupt  i n c r e a s e  i n  k f o r  t he  f l a t  p l a t e  s e c t i o n .  Clear ly  t h e  
p r e s s u r e  f o r c e  on a f l a t  p la te  mus t  be normal t o  t he  p la te  and t h a t  means a 
drag f o r  small a of the  form 
But 
s o  t h a t  
(2.4.20) 
t h e  same as (2.4.19) .  
I t  i s  w e l l  known, of c o u r s e ,  t h a t  the l a r g e  f l a t  p l a t e  s e c t i o n  d rag  is 
due t o  the  absence of l e a d i n g  edge s u c t i o n .  On the  o t h e r  hand i f  the  
parameter k i n  (2.4.17) is c a l c u l a t e d  w i t h  exac t  two-dimensional a i r f o i l  
t h e o r y ,  the  r e su l t  is z e r o ,  even i n  t h e  l i m i t  as E + 0 ( t h e  d'Alembert 
paradox) .  The small exper imenta l  va lues  f o r  k i n  Table  1 i n d i c a t e  t h a t  
reasonably  good p o t e n t i a l  f low is establ ished over  a i r f o i l  s e c t i o n s .  The 
above obse rva t ions  sugges t  a method f o r  c a l c u l a t i n g  the  pressure c o n t r i b u t i o n  
t o  t h e  s e c t i o n  drag-due- to- l i f t .  We write 
u = up + ha (2.4.21 ) 
where a is the  mean pressure c o e f f i c i e n t  c a l c u l a t e d  w i t h  p o t e n t i a l  t heo ry  and 
Aa is !he d i f f e r e n c e  between the  t r u e  va lue  and up. S u b s t i t u t e  (2 .4 .21)  i n t o  
(2.4.17)  and n o t e  t h a t  t he  p o t e n t i a l  p a r t  of the i n t e g r a l  c a n c e l s  the  l e a d i n g  
term c . Thus,  we g e t  
Qa 
(2 .4.22)  
The above formula i s  u s e f u l  i f  the a i r f o i l  s e c t i o n  has been p rope r ly  des igned  
t o  avo id  l e a d i n g  edge s e p a r a t i o n .  Then the  main c o n t r i b u t i o n  t o  s e c t i o n  
drag-due- to- l i f t  is t h e  lack of p r e s s u r e  recovery  over  t h e  a f t  par t  of the  
a i r f o i l  and t h a t  i n  t u r n  is due t o  t h e  viscous boundary layer (Recall t h a t  a l l  
d rag  and l i f t  i s  due t o  v i s c o s i t y ) .  
I n  a d d i t i o n  t o  t h e  p r e s s u r e  c o n t r i b u t i o n  there is  a l s o  a direct  v iscous  
c o n t r i b u t i o n  t o  t h e  s e c t i o n  drag ( s e e  (2 .1 .8 ) ) .  Fol lowing,  Hoerner (Ref. 10, 
6-11) we n o t e  t h a t  from the K u t t a  Joukowski formula f o r  l i f t  t h a t  there is an 
average  c i r c u l a t i o n  v e l o c i t y  around an a i r f o i l  s e c t i o n ;  i . e . ,  
C R  .u;c 
w d s  2 w,,*~c = 
2 
r =  
a i r f o i l  
so that  
C i r c u l a t i o n  v e l o c i t y  
(2 .4 .23)  
(2 .4 .24)  
T h i s  c i r c u l a t i o n  v e l o c i t y  adds t o  t he  v e l o c i t y  nea r  t h e  upper s u r f a c e  and 
subt rac ts  on the lower s u r f a c e .  Thus t h e  s k i n  f r i c t i o n  drag  can be w r i t t e n  as 
2 
= Cf ((, + ? )2  +(I - 3)2) 
= 2 Cf ( 1  +(q2) U r n .  
(2.4.25 1 
where cf is t h e  f l a t  p l a t e  s k i n  f r i c t i o n  drag c o e f f i c i e n t .  Thus the  direct  
v i s c o u s  c o n t r i  bu t  i on t o  sect i o n  drag- due- to-1 i f  t i s 
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Cf kv = - 
8 
which resul t  we may add t o  (2.4.20) t o  g e t  
d x  C k =f + E 1 (-) .fx.- C 
0 8 2 
4- 
Pres'sure 
+r Cfi, O 
Viscosity 
(2.4.26) 
(2 .4 .27)  
For Reynolds numbers of o rde r  lo6  o r  lo7  the  t u r b u l e n t  f l a t  p la te  s k i n  
f r i c t i o n  c o e f f i c i e n t  is of o rde r  .002 t o  ,003, so t h a t  t he  v i scous  
c o n t r i b u t i o n  t o  k is of o rde r  .00025 t o  .0004. Thus we conclude from the 
experimental  da t a  (Table 1 )  t h a t  t h e  main source  of s e c t i o n  d rag -due - to - l i f t  
i s  the  l ack  of p r e s s u r e  recovery  over  t he  s e c t i o n  t r a i l i n g  edge o r  absence of 
l e a d i n g  edge s u c t i o n .  Both s o u r c e s  are a r e s u l t  of d e v i a t i o n  of the s u r f a c e  
p r e s s u r e  from the ideal  p o t e n t i a l  f low va lue .  The above conc lus ion  is v a l i d  
f o r  t u r b u l e n t  a i r f o i l  s e c t i o n s .  I f  laminar  f low can be main ta ined  on the  
s e c t i o n  and the  boundary layer kept t h i n ,  then  va lues  of k c o n s i d e r a b l y  
smaller than 0.01 can be r e a l i z e d .  T h i s  is a v i a b l e  approach t o  r educ ing  the  
s e c t i o n  drag-due- to- l i f t .  Also we p o i n t  ou t  t h a t  we have completely ignored  
t h e  c o n t r i b u t i o n  of s e c t i o n  camber i n  the  fo rego ing  d i s c u s s i o n .  With a 
p rope r ly  cambered s e c t i o n  the  e f f e c t i v e  k i n  our  s e c t i o n  d rag  formula can be 
reduced t o  zero  f o r  cR  measured from t h e  optimum l i f t .  The a n a l y t i c  r e s u l t s  
needed t o  achieve  t h e  optimum can be deduced from (2.4.8) - a worthwhile  t a s k .  
2.5 A P r a c t i c a l  Wing - Drag Formula 
We a r e  now i n  a p o s i t i o n  t o  write a s i n g l e  expres s ion  f o r  wing d rag  w i t h  
a u s e f u l  decomposition of t h e  drag-due- to- l i f t .  For drag we write 
o r  
where CD is the  induced drag due t o  f i n i t e  span  ( S e c t i o n  2.3) and the  
i n t e g r a l  itnust account f o r  t he  s e c t i o n  drag t h a t  is independent  of a s p e c t  
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I 
r a t i o .  With the s e c t i o n  d r a g  resu l t s  obta ined  i n  S e c t i o n  2.4 we get 
on 
where C is t h e  wing p r o f i l e  drag ( a t  zero l i f t )  and 
DO 
Span As = 
(2.5.2) 
(2.5.3) 
(2.5.4) = ' I  k ( Y )  *C ( y  )dy  _ -  S 
Span 
where w e  have used  t h e  t y p i c a l  s e c t i o n  l i f t  c o e f f i c i e n t  c R . =  2 m .  We fur ther  
decompose (2.5.4) w i t h  our knowledge of k ( y )  o b t a i n e d  i n  the l a s t  s e c t i o n .  
For most of t he  wing span k ( y )  can be r ep laced  w i t h  t he  average s e c t i o n  d rag  
c o e f f i c i e n t .  However, i f  a f r a c t i o n  of the  l e a d i n g  edge ( s a y  Rs/b) is 
s e p a r a t e d  then  k is about 1 /2a  f o r  t h o s e  s e c t i o n s .  Thus, we can write 
and f o r  t he  wing drag 
(2.5.5 I 
Sect ion Induced 
DDL DDL 
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w i t h  
czs = ave rage  s e c t i o n  p r o f i l e  drag  c o e f f i c i e n t  
R,/b = f r a c t i o n  of span t h a t  has  a s e p a r a t e d  l e a d i n g  edge f low 
A = a s p e c t  r a t i o  
(2 .5 .6)  
The l a s t  formula is the  bas i s  f o r  our  e v a l u a t i o n  i n  S e c t i o n  3 of v a r i o u s  
d e v i c e s  and t echn iques  t h a t  have been proposed t o  r educe  the  d rag -due - to - l i f t .  
Before moving i n t o  the  realm of drag e s t i m a t i o n  we c a l l  a t t e n t i o n  t o  the  
c l o s e  r e l a t i o n s h i p  between our  basic drag formula (2.5.5) and the  more fo rma l  
r e s u l t  (2.3.21) t h a t  e x p r e s s e s  the  drag i n  terms of T r e f f t z  p l a n e  moments of 
v o r t i c i t y  . Recall t h a t  t h e  induced drag formula was d e r i v e d  q u i t e  r i g o r o u s l y  
from the  l o g a r i t h m i c  c o r r e l a t i o n  of a x i a l  shed v o r t i c i t y  i n  (2.3.21).  Our 
r e s u l t s  f o r  s e c t i o n  drag were o b t a i n e d  w i t h  more h e u r i s t i c  arguments t h a t  were 
based on the s u r f a c e  pressure r e p r e s e n t a t i o n  of drag and a m i x t u r e  of 
experimental  r e s u l t s .  A c t u a l l y ,  t h e  f i rs t  term i n  (2.3.21) is a d i rec t  
r e p r e s e n t a t i o n  of the s e c t i o n  d r a g  i n  t he  T r e f f t z  plan.  To see t h i s  we 
r e c a l l ( s e e  ( 2 . 3 . 8 ) )  t h a t  the  f i r s t  term can be expres sed  i n  t h e  form 
or 
(2.5.7) 
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where 
( 2 . 5 . 8 )  
( 2 . 5 . 9 )  
is the  wake  d isp lacement  t h i c k n e s s  i n  a T r e f t t z  p l ane  s u f f i c i e n t l y  far  
downstream t h a t  the  d i f f e r e n c e  between the  wake momentum and d isp lacement  
t h i c k n e s s  is small ( i . e . ,  several chords ) .  We can fur ther  write f o r  a 
symmetric a i r f o i l  s e c t i o n  
6* = 6; + (-)o*a2 + Higher Order Terms 
s o  t h a t  
(2.5.10) 
From the l a s t  r e l a t i o n  we n o t e  t h a t  the s e c t i o n  d rag -due - to - l i f t  is t h e  d i r e c t  
r e s u l t  of the second o r d e r  i n c r e a s e  of wake d i sp lacement  ( o r  momentum) 
t h i c k n e s s  w i t h  a n g l e  of a t tack.  Clearly t h e  wake t h i c k n e s s  w i l l  i n c r e a s e  
a b r u p t l y  i f  the l e a d i n g  edge s e p a r a t e s .  Also, t h e  wake t h i c k n e s s  w i l l  
i n c r e a s e  because of t he  enhanced adverse  p r e s s u r e  g r a d i e n t  over the a f t  
s e c t i o n  of the a i r f o i l .  Both of these effects  are con ta ined  i n  t h e  b a s i c  d r a g  
formula  ( 2 . 5 . 5 ) .  Also, i t  is worth no t ing  t h a t  t he  s e c t i o n  d rag -due - to - l i f t  
is  p r i m a r i l y  a s s o c i a t e d  wi th  the  spanwise component of v o r t i c i t y  and hence 
w i t h  the chordwise v a r i a t i o n  of the load. The familiar induced drag  is 
a s s o c i a t e d  wi th  the  shed streamwise v o r t i c i t y  t h a t  is a direct  r e s u l t  of 
spanwise l o a d  v a r i a t i o n s .  The expres s ion  I1drag-due-to-liftIf is i n  f a c t  a 
misnomer. A more d e s c r i p t i v e  term would be "d rag  due t o  l o a d  v a r i a t i o n f 1 .  
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3. AN ASSESSMENT OF CONVENTIONAL DRAG-DUE-TO-LIFT 
REDUCTION DEVICES AND TECHNIQUES 
The purpose of t h i s  s e c t i o n  is t o  q u a n t i t a t i v e l y  assess the  r e l a t i v e  
merits of v a r i o u s  ideas t h a t  have been proposed t o  r educe  d rag -due - to - l i f t .  I 
The o b j e c t i v e  is t o  draw a t t e n t i o n  t o  t h o s e  areas where t h e  b igges t  p a y o f f s  
might be. We f o c u s  i n i t i a l l y  on methods for  CTOL wings and progress t o  o u t  of 
p l a n e  c o n f i g u r a t i o n s  i n  subsequent  s e c t i o n s .  
I 
3.1 Planform Shape (Load v a r i a t i o n  on a P l a n e )  
The CTOL wing planform is the  most e x t e n s i v e l y  s t u d i e d  (both  
expe r imen ta l ly  and t h e o r e t i c a l l y )  l i f t i n g  c o n f i g u r a t i o n  t h a t  has evolved i n  
t h e  a e r o n a u t i c s  i n d u s t r y .  Because of i ts l o n g  h i s t o r y  of e n g i n e e r i n g  
development i t  has been l loptimizedtl  for a l l  p r a c t i c a l  purposes .  I n  fact  we 
can most e a s i l y  i l l u s t r a t e  
wing. 
I t  is w e l l  known t h a t  
t h e  l o a d  is e l l i p t i c .  The 
t h e  idea of an optimum c o n f i g u r a t i o n  w i t h  the  CTOL 
t h e  induced d r a g  of the CTOL wing is a minimum when 
induced drag c o e f f i c i e n t  i s  
T h i s  famous resul t  is u s u a l l y  d e r i v e d  wi th  l i f t i n g  l i n e  t h e o r y  - a l i n e a r  h igh  
aspect r a t i o  approximation.  Because of the approximations of the  l i n e a r  
t h e o r y  one might q u e s t i o n  t h e  v a l i d i t y  of t he  induced d r a g  r e s u l t .  However, 
when the  drag of "well designed" wings i s  compared t o  t h i s  r e s u l t  t he  
d i f f e r e n c e s  are  of t he  o r d e r  of a p e r c e n t  o r  so  (e .g . ,  see F i g u r e s  4 and 10, 
S e c t i o n  7-6 o f  Hoerner (Ref. 10) .  Even t h e  d r a g  o f  the d e l t a  wing and other 
small a spec t  r a t i o  c o n f i g u r a t i o n s  c o r r e l a t e s  r easonab ly  w e l l  w i t h  t h e  
t h e o r e t i c a l  minimum (e.g. ,  see F i g u r e  28, S e c t i o n  7-17, Hoerne r ) ,  as l o n g  as 
t h e  l e a d i n g  edge i s  p r o f i l e d .  The r e a s o n  is t h a t  t h e  t h e o r e t i c a l  r e s u l t  i s  
much more g e n e r a l  than c lass ica l  l i f t i n g  l i n e  t h e o r y  would i n d i c a t e .  I n  f ac t  
i t  fo l lows  from the g e n e r a l  drag formulas  developed 
(2 .2 .10 )  and (2.3.14) we n o t e  t h a t  i f  a l l  nea r  
n e g l e c t e d  t h e n  t h e  drag minimum can be expres sed  as 
dS Minimum Drag 
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independent  of any o t h e r  s t a t e m e n t s  about l i f t i n g  l i n e  theo ry .  The l i f t  a l s o  
is given q u i t e  g e n e r a l l y  by the  formula 
The minimiza t ion  of (3.1.2) i n  the T r e f f t z  p l ane  s u b j e c t  t o  the  c o n s t r a i n t  of 
a given a i r p l a n e  l i f t  l e a d s  d i r e c t l y  t o  the famous induced d rag  formula 
(3.1.1) f o r  the  CTOL wing o r  any o t h e r  wing (even of small a spec t  r a t i o )  whose 
p r o j e c t i o n  on the  T r e f f t z  p l ane  i s  a s t r a i g h t  l i n e .  
It  is  a b s o l u t e l y  e s s e n t i a l  i n  any d i s c u s s i o n  of drag-due- to- l i f t  t o  be 
aware of t he  t h e o r e t i c a l  minimum t h a t  could  be achieved i f  a l l  near  f i e l d  
t o t a l  head l o s s e s  could  be e l imina ted .  The drag-due- to- l i f t  of the  p e r f e c t  
CTOL a i r p l a n e  would be t h e  same as t h e  ideal wing induced drag  (3.1.1 ) . Over 
t he  years of CTOL a i r p l a n e  development the  ideal induced drag  f r a c t i o n  of 
drag-due- to- l i f t  has inc reased  as p a r a s i t i c  and i n t e r f e r e n c e  s o u r c e s  of 
d rag -due - to - l i f t  have decreased .  For example, t h e  induced drag f r a c t i o n  of 
the  Me-109 was only 69% (Hoerner ,  p. 14-12) .  The t o t a l  d rag-due- to- l i f t  a t  
optimum c r u i s e  i s  one half  of t h e  t o t a l  d rag ,  a d i rec t  r e s u l t  of the a i r p l a n e  
d rag  p o l a r .  There is s t i l l  room f o r  improvement i n  reducing  p a r a s i t i c  and 
i n t e r f e r e n c e  s o u r c e s  of drag-due- to- l i f t .  I nnova t ive  ideas f o r  mating l i f t i n g  
and n o n - l i f t i n g  a i r p l a n e  components should be explored  i n  c u r r e n t  CTOL d rag  
r e s e a r c h  programs. However, t h e  CTOL wing a l o n e  is a h igh ly  e f f i c i e n t  drag  
d e v i c e ,  w i t h i n  a few percent  of the t h e o r e t i c a l  minimum drag-due- to- l i f t  i f  
good des ign  p r a c t i c e  is fo l lowed.  The wing t i p  i s  an impor tan t  e lement  of t h e  
o v e r a l l  wing des ign .  However, the technology is a v a i l a b l e  (Ref. 1 1 )  f o r  
des ign ing  a CTOL wing t i p  wi th  less than 0.5% of a i r p l a n e  drag (e .g . ,  t h e  
Boeing 757).  The main p o i n t  is t h a t  e f f o r t s  t o  r e f i n e  the  CTOL wing induced 
d r a g  e f f i c i e n c i e s  are r each ing  a p o i n t  of d imin i sh ing  r e t u r n s .  Improvements 
of the o r d e r  of a f r a c t i o n  of a percent  are about  t h e  best one can hope f o r .  
If t h e s e  improvements can be d i scove red ,  tested and implemented e a s i l y  a t  the 
a i r p l a n e  o p e r a t i o n a l  l e v e l ,  then  they might be economical.  A complete  wing 
r e d e s i g n  t o  achieve  a half a percent  drag r e d u c t i o n  would be hard t o  j u s t i f y .  
Because t h e  well designed CTOL wing is n e a r l y  o p t i m a l ,  w e  can argue t h a t  
Small mod i f i ca t ions  t o  t he  t r a i l i n g  edge w i l l  have l i t t l e  o r  no effect  on the  
drag-due- to- l i f t .  I t  has been known f o r  many years (Hoerner ,  p3-22, F i g .  4.2) 
t h a t  an a i r f o i l  s e c t i o n  w i t h  a s l i g h t l y  b lun ted  t r a i l i n g  edge (=  0.4% 
t h i c k n e s s )  has a lower d rag  a t  f i n i t e  l i f t  then  t h e  same s e c t i o n  w i t h  a s h a r p  
t r a i l i n g  edge a l though the  form drag i s  u s u a l l y  greater. With a sharp  
t r a i l i n g  edge the upper s u r f a c e  s e p a r a t i o n  l i n e  migrates forward wi th  
i n c r e a s i n g  a n g l e  of a t t a c k  s t a r t i n g  a t  a very small va lue  of l i f t ;  hence,  t h e  
n e a r l y  p a r a b o l i c  i n c r e a s e  of s e c t i o n  drag-due- to- l i f t .  With a c u t  o f f  
t r a i l i n g  edge the  s e p a r a t i o n  p o i n t  is held a t  t h e  c u t o f f  edge t o  a much h igher  
a n g l e  of att.ack. The s e c t i o n  drag r i se  w i t h  l i f t  does not  occur u n t i l  some 
l i f t  c o e f f i c i e n t  above t h e  design l i f t  c o e f f i c i e n t  and hence the  lower 
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drag-due- to- l i f t .  I n  terms of our drag formula  (2.5.5) 
t h i s  means t ha t  t h e  term C*dS is v i r t u a l l y  z e r o  and the o v e r a l l  wing 
drag-due- to- l i f t  is brought even c l o s e r  t o  t he  t h e o r e t i c a l  optimum va lue .  
These remarks apply  e q u a l l y  t o  the use  of serrated t r a i l i n g  edges. There is 
i n  our  opin ion  no fundamental  mechanism f o r  edge s e r r a t i o n s  t o  affect  t he  
o v e r a l l  l oad  d i s t r i b u t i o n  and t h e  t h e o r e t i c a l  d rag  minimum. However, t h e y  can 
perhaps be used effect ively t o  ma in ta in  attached f low over  t he  a f t  p o r t i o n  of 
each wing s e c t i o n ,  reduce C*ds, and more c l o s e l y  ach ieve  t h e  optimum drag .  
3.2 Out of Plane T i p  Devices 
We have d i scussed  t h e  CTOL wing as an example of a l i f t i n g  c o n f i g u r a t i o n  
t h a t  has been opt imized f o r  a l l  p r a c t i c a l  purposes .  The eng inee r ing  
techniques  r e q u i r e d  t o  achieve  an op t ima l  des ign  have evolved over  a pe r iod  of 
many years  and f o r  t he  most part are understood.  If there is t o  be a 
s i g n i f i c a n t  r educ t ion  (10% s a y )  of wing drag-due- to- l i f t  then  i t  must  come 
from new wing concepts  based on a deeper  unders tanding  of under ly ing  
p r i n c i p l e s .  Seve ra l  concepts  have s u r f a c e d  over  t h e  p a s t  decade and dese rve  
t o  be considered s e r i o u s l y .  The w i n g l e t ,  t i p - f e a t h e r s ,  and sai ls  (Refs. 2 , 3 , 4  
& 5') f a l l  i n  the  ca t egory  of out-of-plane dev ices  and must be assessed i n  
t h e i r  own r i g h t .  For each c o n f i g u r a t i o n  there is a t h e o r e t i c a l  minimum 
induced d r a g  (a Carnot  e f f i c i e n c y  i f  you w i l l ) .  Each new des ign  must be 
eva lua ted  by comparing the  expe r imen ta l ly  achieved  d rag  t o  t h e  t h e o r e t i c a l  
minimum. If the t h e o r e t i c a l  minimum drag f o r  a s e l e c t e d  c o n f i g u r a t i o n  i s  less 
than  the  minimum f o r  a CTOL wing then  there is an e x c e l l e n t  chance of 
des igning  a more e f f i c i e n t  c r u i s e  wing. I f  the t h e o r e t i c a l  minimum is  g r e a t e r  
t h e n  you w i l l  never do better than  the  CTOL wing a l though  o t h e r  f a c t o r s  may 
d i c t a t e  the new des ign .  I n  t h i s  r e g a r d  we are well aware t h a t  induced d rag  
e f f i c i e n c y  is not  t he  on ly  number t h a t  d ic ta tes  a wing des ign .  However, i n  
t he  fo l lowing  we w i l l  d i s c u s s  out-of-plane wing concepts  p r i m a r i l y  from the 
p o i n t  of view of reducing  t h e  t h e o r e t i c a l  minimum induced drag. 
The basic p r i n c i p l e  of a l l  out-of-plane dev ices  is conta ined  i n  the  
s i m p l e  formula (2.5.6) f o r  the ideal  wing e f f i c i e n c y ;  i .e.; 
where b is the  wing span ,  7 is the spanwise d i s t a n c e  between the  shed l i f t i n g  
v o r t e x  c e n t e r s  ( v o r t e x  s p a n )  and ko is the i n t e g r a l  spread scale  of t h e  r o l l e d  
up v o r t i c i t y .  For t h e  o p t i m a l l y  loaded ( e l l i p t i c )  CTOL wing we have 
' b 4 -  e = 1.0 (3.2.2)  
The i n t e g r a l  sp read  scale is 6.7% of  the span o r  about  a mean aerodynamic 
chord for an a s p e c t  r a t i o  of 6 o r  7. Roughly speak ing ,  scales w i t h  the  
d i f f e r e n c e  between the  wing span  and vor tex  span ( i . e . ,  b-y). If the  CTOL 
wing t i p  is over loaded  ( r e c t a n g u l a r ,  e.g.)  the  advantage of making 7 b igge r  
( i t  cannot  exceed b) is o f f s e t  by t h e  diminished spread scale  and the  induced 
drag  becomes greater. However, i f  the l i f t  induced t i p  v o r t i c i t y  can be 
d i f f u s e d  v e r t i c a l l y ,  t h e  i n t e g r a l  s c a l e  can i n  p r i n c i p a l  be c o n t r o l l e d  
independen t ly  of 7 as the  t i p  is loaded. This  i s  one way of e x p l a i n i n g  how 
w i n g l e t s ,  t i p  feathers,  e tc .  can lead to  a smaller va lue  of wake k i n e t i c  
energy  and induced d rag  f o r  t he  same c i r c u l a t i o n .  I t  is t h e  same p r i n c i p l e  
t h a t  e x p l a i n s  the bi-wing or multi-wing. How much d r a g  r e d u c t i o n  can be 
achieved?  A c a l c u l a t i o n  w i t h  minimum induced d r a g  theo ry  (e .g . ,  Ref. 12 ,13  & 
14)  must be carried o u t  t o  o b t a i n  a p r e c i s e  number. However, an  estimate of  
p o t e n t i a l  d r a g  r e d u c t i o n  can be made w i t h  (3 .2 .1) .  
I n  F i g u r e  3.1 w e  have p l o t t e d  t he  normalized i n t e g r a l  sp read  scale  Ro/b 
v e r s u s  t h e  v o r t e x  span y / b  f o r  cons t an t  v a l u e s  of the e f f i c i e n c y  e. Poin t  A 
on t h e  cu rve  for  e=l is the  convent iona l  CTOL wing t h a t  is e l l i p t i c a l l y  loaded  
(3.2.2) .  For a given c o n f i g u r a t i o n  t h e  l o a d  d i s t r i b u t i o n  w i l l  de te rmine  a 
unique p o i n t  i n  F i g u r e  3.1 and i f  t h e  load  d i s t r i b u t i o n  has been opt imized  the  
l a r g e s t  va lue  of e w i l l  be a t t a i n e d .  A s  an example suppose t h a t  w i t h  a 
s u i t a b l e  wing t i p  dev ice  the  v o r t e x  span  y / b  is i n c r e a s e d  from 7114 t o  0.89. 
If the  t i p  dev ice  ma in ta ins  the same vor t ex  i n t e g r a l  scale  as the  CTOL wing 
(Ro/b "= 0.067) then  the  e f f i c i e n c y  can be i n c r e a s e d  by about  20% (e  = 1.2 o r  
p o i n t  B i n  F igu re  3.1). To achieve  t h i s  r e s u l t  the t i p  dev ice  would have t o  
have a v e r t i c a l  dimension of the o r d e r  .067b and be o p t i m a l l y  loaded .  With a 
t i p  dev ice  of on ly  .037b t h e  u n i t  e f f i c i e n c y  of the CTOL wing can be 
main ta ined  ( p o i n t  C i n  Figure 3.1 ) . I n  g e n e r a l ,  i f  the  wing can be loaded  a t  
the t i p  s o  t h a t  y / b  is i n c r e a s e d ,  the  s i z e  of a t i p  d e v i c e  t o  ach ieve  a g iven  
e f f i c i e n c y  can be smaller. That is why t h e  r e c t a n g u l a r  wing or any wing w i t h  
a h igh  t i p  l i f t  c o e f f i c i e n t  is a good c a n d i d a t e  f o r  a wing t i p  d r a g  r educ ing  
d e v i c e  (see Ref. 1 ,  paper  by Thomas). 
By the  same r e a s o n i n g  as  above, we can see why the  a d d i t i o n  of a t i p  
d e v i c e  on an o p t i m a l l y  loaded CTOL wing w i l l  have a r e l a t i v e l y  smaller ( o r  
perhaps  no)  effect  t h a n  when p laced  on a h i g h l y  loaded  t i p .  If the v o r t e x  
span  i s  he ld  a t  71/4 t h e n  a n  i n t e g r a l  scale of t h e  order of 10% of  the span  
would be r e q u i r e d  t o  o b t a i n  a 20% reduc t ion  of the induced d rag  ( P o i n t  D i n  
F i g u r e  3.1) .  The r e q u i r e d  v e r t i c a l  dimensions of the t i p  dev ice  are much 
g r e a t e r  t h a n  i f  the  load is first d i s t r i b u t e d  o n t o  t h e  t i p  (e.g.  a t  Po in t  B ) .  
The main p o i n t  is t h a t  t i p  dev ices  w i l l  be most e f f e c t i v e  i f  t hey  are  des igned  
as an i n t e g r a l  p a r t  of the o v e r a l l  wing des ign .  If  one is faced with the  
problem of r e t r o f i t t i n g  a n  e x i s t i n g  piece of hardware t h e n  i t  is e s s e n t i a l  t o  
a c q u i r e  a knowledge of the bare wing t i p  l o a d  d i s t r i b u t i o n  b e f o r e  c o n s i d e r i n g  
a p a r t i c u l a r  device .  Otherwise you can end up w i t h  something worse t h a n  t h e  
bare wing. 
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The most comprehensive r e c e n t  s t u d y  of wing t i p  d e v i c e s  bo th  in-plane and 
out-of-plane is con ta ined  i n  Ref. 2. Much o f  what we have d i s c u s s e d  above is 
addressed t h e r e i n  w i t h  t h e o r e t i c a l  c a l c u l a t i o n s  and experiment .  I n  terms of 
wing induced d r a g  e f f i c i e n c y  t h e  t i p  planform is  a c r u c i a l  f a c t o r  i n  a c h i e v i n g  
a good des ign  as we have no ted .  E f f i c i e n c i e s  s l i g h t l y  greater t h a n  u n i t y  can 
be ach ieved  w i t h  a swept back t i p  (see F igure  4 o f  Ref. 2 e .g . )  (The parameter 
x of Ref. 2 is the r e c i p r o c a l  of our f a c t o r  e ) .  P rope r ly  u s e d ,  wing t h e o r y  w ? i i  d i c t a t e  a good t i p  shape (see Ref. 1 1 )  What i s  more remarkable is t h a t  
t h e  swept t i p  y i e l d s  an ( L / D l m a x  of 22 w i t h  an  induced drag  e f f i c i e n c y  o f  1.02 
(see F i g u r e  27e of Ref. 2)  a t  an  aspect value o f  7.05. A large s o a r i n g  b i r d  
w i t h  t i p  feathers f u l l y  extended has an (L /Dlmax  of about  23 w i t h  an  induced 
drag e f f i c i e n c y  of 0.87 and a s p e c t  r a t i o  of 5 t o  6 ,  ( F i g u r e  27a o f  Ref. 2 ) .  A 
wing t h a t  has the  a b i l i t y  t o  get a h i g h e r  maximum L/D wi thou t  any induced drag 
p e n a l t y  is c l e a r l y  a s u p e r i o r  design.  The swept t i p  o r  feathered t i p  can  
m a i n t a i n  a load a t  higher  a n g l e  o f  a t tack  and f o r  s o a r i n g  o r  f o r  t i p  c o n t r o l  
t h a t  is an advantage.  It may well be i n  the area of maximum l i f t  o r  c o n t r o l  
performance t h a t  most t i p  d e v i c e s  w i l l  prove t h e i r  s u p e r i o r i t y  over  t h e  CTOL 
wing. Act ive t i p  d e v i c e s  might also be cons ide red  s e r i o u s l y  i n  t h e  c o n t r o l  of 
f i g h t e r  t y p e  a i rcraf t .  
Also i n  Ref. 2 ,  F i g u r e  20, t h e  au tho r  shows three out-of-plane 
c o n f i g u r a t i o n s  and the i r  induced drag e f f i c i e n c i e s .  The r e s u l t s  are 
summarized i n  F i g u r e  3.2. The first p o i n t  of t he  example i s  t h a t  l a r g e  o u t  of 
p l a n e  dimensions are r e q u i r e d  t o  real ize  t h e  maximum b e n e f i t  of t h e  v o r t i c i t y  
d i f f u s i o n  e f fec t .  A 20% span v e r t i c a l  end p l a t e  does no t  seem l i k e  a 
p r a c t i c a l  wing des ign .  Also, t h e  above example i l l u s t r a t e s  ano the r  impor t an t  
p o i n t  ( o r  q u e s t i o n )  t h a t  must be kept  i n  mind when comparing out-of-plane t i p  
d e v i c e s  t o  t he  CTOL wing. A l a r g e  b e n e f i t  i s  c a l c u l a t e d  f o r  t h e  case o f  t he  
v e r t i c a l  end p la te  ( 4 2 % ) .  However, i f  t h e  same end p l a t e  is used t o  ex tend  
t h e  wing s p a n ,  an  e f f i c i e n c y  f a c t o r  of 1.38 is  c a l c u l a t e d .  I n  other words 
t u r n i n g  20% of the  span up on a given wing o n l y  y i e l d s  a n  e f f i c i e n c y  factor  e 
= 1.029 o r  2.9% improvement. I t  would seem more r e a l i s t i c  t o  compare wings on 
the  basis  of t he  l e n g t h  o f  the  l o a d  l i n e  or wetted area. On t h e  o t h e r  hand i f  
a p a r t i c u l a r  des ign  i s  span l i m i t e d  f o r  some r e a s o n  (e.g. ,  upper bound on  r o o t  
bending moment, f i x e d  keel d r a f t  on the  1 2  meter s a i l b o a t  h u l l  o r  f i x e d  span 
on  the  15 meter s a i l p l a n e )  t h e n  i t  does make s e n s e  t o  add  v e r t i c a l  d e v i c e s  t o  
i n c r e a s e  t he  l i f t  and drag performance of the o r i g i n a l  in-plane wing. 
I n  summary, t i p  d e v i c e s  t h a t  are p rope r ly  des igned  as an  i n t e g r a l  p a r t  of 
a wing and no t  as an add-on have t h e  p o t e n t i a l  of i n c r e a s i n g  induced drag  
e f f i c i e n c y  by 10 t o  15% when out-of-plane dimensions are o f  the  o r d e r  of the 
wing chord. These d e v i c e s  a l s o  have great p o t e n t i a l  f o r  i n c r e a s i n g  the  
maximum L / D  and high l i f t  performance i n  p a r t i c u l a r  i f  t h e y  are  developed as 
a c t i v e  d e v i c e s ;  I n  r e t r o f i t t i n g  e x i s t i n g  hardware i t  is most impor t an t  t o  
de t e rmine  the t i p  l o a d i n g  be fo re  cons ide r ing  a t i p  dev ice .  A given d e v i c e  can 
be d e t r i m e n t a l  when added on t o  a good CTOL wing. F i n a l l y  we remark tha t  t h e  
r e c t a n g u l a r  wing t i p  can be improved w i t h  a lmost  any s e n s i b l e  t i p  d e v i c e .  
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3.3 J o i n e d  T i p  C o n f i g u r a t i o n s  
The three out-of-plane examples included i n  t h e  l a s t  s e c t i o n  ( F i g u r e  3.2) 
i l l u s t r a t e  d r a m a t i c a l l y  how drag e f f i c i e n c y  can be improved w i t h  j o i n e d  t i p s  
(box-wing) or a multi-wing (bi-wing) c o n f i g u r a t i o n .  T h i s  has been known, f o r  
many decades (see Hoerner ,  Ref. 10, e.g.1. To implement these d e v i c e s  
however, t h e  s t r u c t u r a l  weight and p a r a s i t e  d r a g  p e n a l t y  has been such as t o  
make t h e i r  o v e r a l l  performance less  than  the conven t iona l  mono-wing 
c o n f i g u r a t i o n .  Recen t ly ,  there has been a r e su rgence  of i n t e r e s t  i n  t h e  
J o i n e d  t i p  c o n f i g u r a t i o n .  According t o  Ref. 4 ,  N A S A  A m e s  and NASA Dryden hope 
t o  have t h e  AD-1 a i r c ra f t  conve r t ed  and f l y i n g  w i t h  a j o i n e d  t i p  c o n f i g u r a t i o n  
w i t h i n  two y e a r s .  The advantages of t h i s  c o n f i g u r a t i o n  are many f o l d  a t  l eas t  
on paper.  The primary advantage is the  weight r e d u c t i o n  t h a t  r e s u l t s  from t h e  
t r u s s  l i k e  j o i n e d  wing s t r u c t u r e .  The weight r e d u c t i o n  is of c o u r s e  d i r e c t l y  
r e f l e c t e d  as a r e d u c t i o n  of induced drag.  The p r o j e c t i o n  of t he  j o i n e d  wing 
on t h e  T r e f f t z  p l a n e  a l s o  has an induced d r a g  e f f i c i e n c y  t h a t  is s u p e r i o r  t o  
t h a t  of the mono-wing. The main purpose of t he  f o l l o w i n g  d i s c u s s i o n  is t o  
estimate the  maximum p r a c t i c a l  induced d r a g  b e n e f i t  t h a t  cou ld  be expected 
w i t h  a j o i n e d  wing independent  of the  s t r u c t u r a l  advan tages  on d i sadvan tages .  
We s t r o n g l y  recommend, however, t h a t  t he  i n t e g r a t e d  ( s y n e r g i s t i c )  
s t ruc tu ra l / ae rodynarn ic  d e s i g n  approach be fo l lowed  i n  p r a c t i c e  (see comments 
of Wolkovitch i n  Ref. 4 ) .  
For an a b s o l u t e  upper bound on what is a t t a i n a b l e  i n  t h e  way of induced 
drag e f f i c i e n c y  t h e  box-wing y i e l d s  a f a c t o r  of two when t h e  upper and  lower 
l i f t i n g  s u r f a c e s  are s e p a r a t e d  by haf the  span ;  i .e . ,  e = 2 i n  our  formula 
(3 .2 .1) .  Whether t h i s  e f f i c i e n c y  can be o b t a i n e d  i n  p r a c t i c e  o r  whether t h e  
box wing is a p r a c t i c a l  des ign  is a s e p a r a t e  (and i m p o r t a n t )  issue. The 
i n t e r f e r e n c e  d rag  due t o  t h e  f o u r  co rne r s  and whatever wing-fuselage j o i n t s  
are r e q u i r e d  may be p r o h i b i t i v e .  However, we can s a f e l y  s a y  t h a t  "whatever is  
done", h a l v i n g  t h e  induced drag e f f i c i e n c y  of t h e  CTOL wing is  a good working 
upper bound. 
To o b t a i n  a more p r a c t i c a l  upper bound we p r e s e n t  t h e  r e s u l t s  of a 
minimum induced d rag  c a l c u l a t i o n  f o r  t h e  j o i n e d  wing. The r e s u l t  is o b t a i n e d  
as fo l lows :  Suppose t h a t  we cons ide r  t h e  c lass  of j o i n e d  wings t h a t  have a 
Continuously t u r n i n g  load l i n e  of f i x e d  l e n g t h  when p r o j e c t e d  on t h e  T r e f f t z  
p l ane .  We a s k  what is the shape of the  T re f f t z  p l a n e  p r o j e c t i o n  t h a t  
minimizes t he  induced d r a g  and what is t h e  l o a d  d i s t r i b u t i o n ?  The r e s u l t s  are 
p r e s e n t e d  i n  F i g u r e  3 .3 .  The shape of the  wing as viewed from the  Tref f tz  
p l a n e  i s  a f l a t t e n e d  e l l i p t i c a l  shape with a h e i g h t  of 0.19 of t h e  span. The 
induced drag e f f i c i e n c y ,  e ,  compared t o  a CTOL wing of span b is 1.25,  a 25% 
improvement. The l o a d  d i s t r i b u t i o n  v a r i e s  c o n t i n u o u s l y  from the  upper t o  
lower wing surface,  p a s s i n g  through z e r o  a t  the t i p s .  The l o a d  is e s s e n t i a l l y  
e l l i p t i c  on t h e  upper and lower s e c t i o n s  when p l o t t e d  a g a i n s t  d i s t a n c e  a l o n g  
t h e  l o a d  l i n e .  
The above example is on ly  a glimpse of t h e  power of minimum induced d r a g  
t h e o r y  iii a r r i v i n g  a t  op t ima l  j o i n e d  t i p  and o t h e r  c o n f i g u r a t i o n s .  If t h e  
ground r u l e s  of t he  minimizat ion process  are changed by o v e r a l l  mi s s ion  
r e q u i r e m e n t s  then a d i f f e r e n t  c o n f i g u r a t i o n  w i l l  be o b t a i n e d .  The ca lcu la ted  
4 3  
4 
h = 0.19 b 
F i g u r e  3 . 3  - Optimal J o i n e d  Tip Wing ( P r o j e c t i o n  on t h e  T r e f f t z  P l a n e ) .  
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25% r e d u c t i o n  of induced d rag  is a good p r a c t i c a l  e s t i m a t e  of what can be 
achieved  i n  t h e  way of improved wing e f f i c i e n c y  w i t h  j o i n e d  t i p s .  We 
r e i t e r a t e  t h a t  whether a p a r t i c u l a r  minimum drag  c o n f i g u r a t i o n  i s  s t r u c t u r a l l y  I p r a c t i c a l  is a separate and impor tan t  mat te r .  The aerodynamic is t  must provide  
I t h e  des igne r  w i t h  a v a r i e t y  of cho ices  and t h e  computat ional  t o o l s  t o  r a p i d l y  
e v a l u a t e  the d rag  e f f i c i e n c y  of each choice  i n  an i n t e g r a t e d  des ign  approach. 
F i n a l  Remarks 
I n  our  assessment  of drag-due- to- l i f t  r e d u c t i o n  d e v i c e s ,  we have focused 
on the advantages and d isadvantages  of va r ious  in-plane and out-of-plane 
l i f t i n g  c o n f i g u r a t i o n s  i n  reducing  t h e  t h e o r e t i c a l  minimum drag .  Furthermore,  
we have stressed the idea t h a t  t h e  t r u e  drag e f f i c i e n c y  of a p a r t i c u l a r  des ign  
must be measured a g a i n s t  t h e  t h e o r e t i c a l  minimum. To conclude our  d i s c u s s i o n ,  
we want t o  emphasize a p o i n t  t h a t  we have a l l u d e d  t o  f r e q u e n t l y  b u t  have n o t  
problem i s  t o  s e l e c t  t h e  planform, s e c t i o n  p r o f i l e ,  t i p  shape ,  e t c .  t o  achieve  
the  t h e o r e t i c a l  minimum. 
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, addressed e x p l i c i t y  i n  our d i s c u s s i o n ;  i .e.,  t ha t  the rea l  wing des ign  
The computat ional  t o o l s  a r e  a v a i l a b l e  f o r  making t h a t  s e l e c t i o n  
i n t e l l i g e n t l y  (see Ref. 1 1 ) .  Once t h e  T r e f f t z  p lane  p r o j e c t i o n  of the 
c o n f i g u r a t i o n  has been d e f i n e d ,  minimum induced d rag  theo ry  (Refs. 12,13 and 
1 4 )  w i l l  y i e l d  t he  t r a n s v e r s e  l o a d  d i s t r i b u t i o n  on a l l  l i f t i n g  elements. The 
second s t e p  is t o  use wing theo ry  ( p o t e n t i a l  f l ow)  w i t h  the  specif ied span 
load d i s t r i b u t i o n  t o  determine t h e  approximate planform tha t  can suppor t  the  
r e q u i r e d  load .  F i n a l l y ,  some form of boundary l a y e r  t heo ry  must  be used t o  
de te rmine  i n  de t a i l  whether the c a l c u l a t e d  p o t e n t i a l  f low and wing s e c t i o n  
geometry a r e  compat ib le ;  i .e . ,  whether the  f low remains a t t a c h e d  over  the 
e n t i r e  wing s u r f a c e  s u b j e c t  t o  t h e  necessary  chordwise l o a d  v a r i a t i o n .  The 
f i n a l  op t imal  c o n f i g u r a t i o n  w i t h  r e s p e c t  t o  t o t a l  c r u i s e  drag w i l l  require 
s e v e r a l  i t e r a t i o n s  between the a p p l i c a t i o n s  of wing t h e o r y  and boundary layer 
t h e o r y  and f i n a l l y  experiment .  A l l  t r icks  of t he  trade (e .g . ,  t i p  shap ing ,  
l e a d i n g  edge shap ing ,  t r a i l i n g  edge mod i f i ca t ions  ( i n c l u d i n g  s e r r a t i o n s ) ,  wash 
i n  o r  wash o u t  and s u r f a c e  treatment can and shou ld  be used  t o  ach ieve  a wing 
e f f i c i e n c y  as c l o s e  as p o s s i b l e  t o  t h e  t h e o r e t i c a l  maximum. The CTOL wing is 
an  e x c e l l e n t  example of des ign  i n g e n u i t y  (honed by e x p e r i e n c e )  i n  ach iev ing  
t h i s  goa l .  The o b j e c t i v e  i n  the f u t u r e  should be t o  op t imize  t h e  more v i a b l e  
out-of-plane c o n f i g u r a t i o n s  fo l lowing  the  same procedures .  
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4. CONCLUSIONS AND RECOMMENDATIONS 
Fundamental r e l a t i o n s  f o r  t h e  d rag  and l i f t  of a l i f t i n g  c o n f i g u r a t i o n  
are der ived  from the f i rs t  p r i n c i p l e s  ( c o n s e r v a t i o n  laws) of f l u i d  mechanics. 
Many r e p r e s e n t a t i o n s  (some o l d  and some new) of the  fundamental  f o r c e s  are  
de r ived  i n  terms of far wake p r o p e r t i e s ,  i n t e r m e d i a t e  wake p r o p e r t i e s  and 
s u r f a c e  load ing .  The main assumptions t h a t  under ly  the basic t h e o r e t i c a l  
resu l t s  and conclus ions  are as fo l lows :  
1 .  There is no mass, momentum or energy exchange a t  t he  surface of the  
l i f t i n g  c o n f i g u r a t i o n .  Act ive d rag  r e d u c t i o n  dev ices  cannot  be e v a l u a t e d  
w i t h  t he  formulas  of t h i s  s t u d y .  
2. The flow Reynolds number is a t  least  I O 6  or g r e a t e r .  
3. A l l  c o n f i g u r a t i o n s  are i n  s t eady  f l i g h t .  
4.  A l l  c o n f i g u r a t i o n s  are spanwise symmetric. 
I 5. Drag c o n t r i b u t i o n s  of the o r d e r  of the  s q u a r e  of the drag c o e f f i c i e n t  (a  
few coun t s )  a r e  neg lec t ed .  
The most important  conc lus ions  of t h i s  s t u d y  are  summarized below: 
1 .  A l l  d rag  i s  u l t i m a t e l y  of v i scous  o r i g i n  and is given by the  t o t a l  head 
l o s s  or  entropy r i se  i n  the very fa r  wake (see Eq. ( 2 . 2 . 8 ) ) .  
2. I n  t h e  i n t e r m e d i a t e  wake r e g i o n  the  d rag  (and l i f t )  can be expressed  q u i t e  
n a t u r a l l y  i n  terms of v o r t i c i t y  moments and c o r r e l a t i o n s  i n  t he  T r e f f t z  
plane ( s e e  Eq. (2 .3 .21) .  The f i rs t  major component of d rag  is the p o l a r  
moment of the t r a n s v e r s e  v o r t i c i t y  that  is produced by streamwise 
v a r i a t i o n s  of t h e  surface l o a d  d i s t r i b u t i o n .  The second major component 
i s  the l o g a r i t h m i c  c o r r e l a t i o n  of the a x i a l  or s t reamwise v o r t i c i t y  t h a t  
is produced by t r a n s v e r s e  v a r i a t i o n  of the l o a d  d i s t r i b u t i o n .  
3. On the su r face  of the body the  drag  and l i f t  are given d i r e c t l y  i n  terms 
of the  r e s u l t a n t  pressure f o r c e  and the r e s u l t a n t  v i scous  f o r c e  (See 
Eqs. (2 .1 .21,  (2.1.8) and S e c t i o n  2 .4) .  
4.  For a high Reynolds number wing t h e  d rag  and l i f t  are r e g u l a r  f u n c t i o n s  of 
the  ang le  of a t tack so t h a t  the  d rag  c o e f f i c i e n t  can be expressed  i n  terms 
Of the l i f t  c o e f f i c i e n t  (see Eq. (2 .5 .5 ) ;  i .e.,  
Both the form d rag  (CD,) and the  form drag-due- to- l i f t  ( K f )  are f u n c t i o n s  
Of Reynolds number and depend s t r o n g l y  on de ta i l s  of the wing s e c t i o n  
design.  The induced drag-due- to- l i f t  ( K i )  is r e l a t i v e l y  independent  Of 
Reynolds number and depends p r i m a r i l y  on the T r e f f t z  p lane  p r o f i l e  and 
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l o a d  v a r i a t i o n .  
5. 
6. 
7. 
8. 
9 .  
1, 
The form and induced drag-due- to- l i f t  are p o s i t i v e  and f o r  a modern I 1 w e l l  
designed" wing the  form component i s  small (a  few p e r c e n t )  compared t o  t h e  
induced component. The t h e o r e t i c a l  minimum drag -due - to - l i f t  is given by 
the  c lass ical  induced d rag  component f o r  each T r e f f t z  p l ane  p r o f i l e  
(e.g.  Ki = l / ~ r A  f o r  t he  o p t i a l  CTOL wing w i t h  e l l i p t i c  l o a d ) .  
For h igh  aspect r a t i o  CTOL wings ( A > 6 )  t he  i n t e r a c t i o n  between t h e  form 
and induced drag-due- to- l i f t  is small  of the o r d e r  of t h e  squa re  of t he  
d rag  c o e f f i c i e n t .  
Based on the  fundamental  t h e o r e t i c a l  r e l a t i o n s  f o r  d rag  we have 
assessed the  advantages and d isadvantages  of va r ious  drag-due-to-lif  t 
r educ ing  dev ices .  The conclus ions  a r e  as fo l lows:  
CTOL Wings. The well designed modern CTOL wing is n e a r l y  op t ima l  w i t h  a 
t o t a l  d rag-due- to- l i f t  w i th in  a percent  or s o  of t he  t h e o r e t i c a l  minimum. 
Improvements w i l l  be small and a r e  b e s t  implemented a t  t h e  o p e r a t i o n a l  
l e v e l .  The p r o f i l e d  wing t i p  l i k e  t h a t  on t h e  Boeing 757 accoun t s  f o r  
about  0.5% of a i r p l a n e  drag. The CTOL wing a l o n e  is no t  a f r u i t f u l  
c o n f i g u r a t i o n  f o r  drag-due-to- l i f t  r e d u c t i o n  research. 
Out-of-Plane T i p  Devices.  Out of plane wing t i p  dev ices  l i k e  w i n g l e t s ,  
sa i l s  and feathers can reduce t h e  drag-due-to- l i f t  of a CTOL wing if t h e  
wing and t i p  dev ice  are designed as an i n t e g r a l  u n i t  w i t h  t h e  proper  l o a d  
d i s t r i b u t i o n  on a l l  l i f t i n g  elements  as r e q u i r e d  by minimum induced d rag  
theo ry .  Highly t i p  loaded  ( i .e. ,  improperly des igned)  CTOL wings are good 
c a n d i d a t e s  f o r  r e t r o f i t t i n g  w i t h  t i p  devices .  The performance of a good 
CTOL wing can be reduced w i t h  a t i p  device .  With good outboard  load ing  on 
t h e  primary wing, a t i p  device w i t h  ver t ical  dimensions of t h e  o r d e r  of 
the mean aerodynamic chord can probably ach ieve  a 10 t o  15% r e d u c t i o n  of 
the induced drag .  Out-of-plane t i p  dev ices  should  d e f i n i t e l y  be a part of 
d rag -due - to - l i f t  r e d u c t i o n  r e s e a r c h .  
Joined-Tip-Conf i g u r a t i o n s .  Joined t i p  c o n f i g u r a t i o n s  o f f e r  t h e  
p o s s i b i l i t y  of a 25% (or even g r e a t e r )  r e d u c t i o n s  of drag-due-to- l i f t  
wi thout  cons ide r ing  the a d d i t i o n a l  p o t e n t i a l  s t r u c t u r a l  advantages.  
I n v e s t i g a t i o n  of such c o n f i g u r a t i o n s  both  aerodynamica l ly  and s t r u c t u r a l l y  
shou ld  be g iven  a high p r i o r i t y  i n  c u r r e n t  drag-due- to- l i f t  r e d u c t i o n  
research . 
Whether the  problem is  one of des igning  a CTOL wing, wing w i t h  t i p  
d e v i c e s  o r  j o i n t e d  t i p s  the  g u i d e l i n e s  f o r  o b t a i n i n g  low d rag  are 
e s t a b l i s h e d  and r easonab ly  well understood.  We summarize our 
recommendations f o r  f u t u r e  drag-due-to- l i f t  r e d u c t i o n  r e s e a r c h  i n  terms of 
the above s i n g l e  formula ( 4 . 1 )  of t h i s  s e c t i o n :  
Drag-due-tc- l i f t  c o n s i s t s  of two main  p a r t s  1 )  t h e  c lass ical  induced d rag  
( K i )  t h a t  depends on t h e  wing span l o a d  d i s t r i b u t i o n  f o r  t he  p a r t i c u l a r  
T r e f f t z  p lane  p r o j e c t i o n  and 2)  the form d rag -due - to - l i f t  ( K f )  t h a t  
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depends p r i m a r i l y  on t h e  chordwise l o a d  d i s t r i b u t i o n  independent  of a s p e c t  
r a t i o .  The f irst  and la rges t  component is more o r  less independent  of 
Reynolds number while the  second component is h i g h l y  dependent on Reynolds 
number and d e t a i l s  of the wing s e c t i o n  des ign .  
2. A f r u i t f u l  area of drag-due- to- l i f t  r e d u c t i o n  r e s e a r c h  i s  the fo l lowing :  
Based on r e a l i s t i c  des ign  s c e n a r i o s  ( i .e . ,  bounds on wing l i f t ,  span ,  
v e r t i c a l  dimensions,  r o o t  bending moment, e t c . )  p o s t u l a t e  classes of 
T r e f f t z  p lane  c o n f i g u r a t i o n  and c a l c u l a t e  w i t h  minimum induced drag t h e o r y  
t h e  opt imal  c o n f i g u r a t i o n  and the  r e q u i r e d  l o a d  d i s t r i b u t i o n  w i t h i n  each 
class. Define a common r a t i o n a l  basis f o r  comparing the  induced drag f o r  
c o n f i g u r a t i o n  of the same c l a s s  and between c l a s s e s ,  e.g. ,  u se  the  t o t a l  
wetted a r e a  and/or  l e n g t h  of l o a d  bea r ing  e lements  i n  the  T r e f f t z  p lane .  
Document t h e s e  c o n f i g u r a t i o n s  i n  a systematic way f o r  f u t u r e  des ign  
t r a d e o f f  s t u d i e s .  
3. A second and fo l low up a r e a  of research would be t o  use  wing l o a d  theo ry  
( p o t e n t i a l  t heo ry )  i n  con junc t ion  w i t h  boundary layer  t h e o r y  t o  d e f i n e  t he  
best planform and s e c t i o n  p r o f i l e  des ign  f o r  each of the  c o n f i g u r a t i o n s  
obta ined  i n  S t e p  2. The o b j e c t i v e  of t h i s  s t e p  is t o  minimize t h e  form 
drag  c~~ and p r o f i l e  drag-due- to- l i f t  ( K f )  i n  (4 .1) .  
4. To ta l  a i r p l a n e  drag-due- to- l i f t  r e d u c t i o n  is a l s o  a p r o f i t a b l e  area f o r  
r e sea rch .  So-cal led i n t e r f e r e n c e  d r a g  between a i r p l a n e  components is Only 
another  name f o r  unnecessary drag-due-to l o a d  v a r i a t i o n s .  The under ly ing  
p r i n c i p l e s  summarized i n  t h i s  r e p o r t  are e q u a l l y  v a l i d  and r e l e v a n t  f o r  
a t t a c k i n g  problems of t o t a l  a i r p l a n e  d rag  r educ t ion .  
5. F i n a l l y  we r e i t e r a t e  the recommendation i n  t h e  l as t  paragraph of t h e  
i n t r o d u c t i o n .  The main assumption of t h i s  s t u d y  is the res t r ic ted  
boundary c o n d i t i o n  a t  the s u r f a c e .  The theo ry  of S e c t i o n  2 must be 
revised t o  inc lude  mass, momentum and energy exchange. Optimal o r  even 
i d e a l  blown c o n f i g u r a t i o n s  o r  a c t i v e  s u r f a c e  c o n f i g u r a t i o n s  can then  be 
syn thes i zed  and c u r r e n t  ideas can be e v a l u a t e d  r a t i o n a l l y .  
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